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Abstract
Purpose This article examines the forced vibrations of composite beams that have been reinforced with single-walled carbon 
nanotubes (SWCNTs) and subjected to a moving charge without considering the effect of mass inertia.
Methods This study investigates three different beams, namely uniform distribution carbon nanotubes (UD-CNT), function-
ally graded Λ distribution carbon nanotubes (FGΛ-CNT), and functionally graded X distribution carbon nanotubes (FGX-
CNT). The SWCNTs exhibit length alignment along the axial direction, while their volume distributions are observed in the 
thickness direction. The motion equations of beams are derived using Hamilton's principle and mass interaction forces based 
on a sinusoidal third-order shear deformation theory (TSDT). These equations are then converted into a single equation set 
and solved using Navier's method.
Results This study presents comprehensive findings on the effects of total volume fraction and distribution types of carbon 
nanotubes (CNTs) on the forced vibration of a composite beam caused by a moving charge at different mass velocities. The 
FGX-CNT distribution of the beam has demonstrated increased resistance to the dynamic impact of live load.
Conclusion The study’s findings will aid in the development of micro-sensors that carry moving charges.

Keywords FG-CNT reinforced composite beams · Third order beam theory · Navier method · Moving charge

Introduction

Extensive research has been conducted on advanced com-
posites, specifically carbon nanotube (CNT) reinforced com-
posites. These composites have gained attention due to their 
favorable electrical, thermal, and mechanical properties. The 
research has been driven by the need to address failure issues 

commonly observed in traditional laminated composites, 
such as delamination and micro defects. Extensive research 
has been conducted on advanced composites, specifically 
carbon nanotube (CNT) reinforced composites. This is due 
to their advantageous electrical, thermal, and mechanical 
properties, which make them a promising alternative to clas-
sical laminated composites. The motivation for this research 
stems from the failure problems caused by delamination and 
micro defects in the latter. Shen [1] has recently applied the 
concept of material gradation to nanocomposites in CNT-
reinforced composite plates. Bohlen and Bolton [2] observed 
through molecular dynamics (MD) simulations that the 
Young’s modulus of the composite beams is enhanced in the 
specified direction by the presence of aligned carbon nano-
tubes (CNTs). The accuracy of the general mixture rule for 
single-walled carbon nanotubes (SWCNT) has been chal-
lenged by [3]. As a result, [4] proposed an extended rule of 
mixture. The precise measurement of the effective wall 
thickness of the single-walled carbon nanotube (SWCNT) 
has been conducted by reference [5], and the accurate deter-
mination of the mechanical properties of the SWCNT has 
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been achieved. Additionally, previous studies [6, 7] have 
confirmed the mechanical properties of single-walled carbon 
nanotubes (SWCNTs) by applying the finite element method. 
Yas and Samadi [8] examined the buckling and free vibra-
tion characteristics of Timoshenko beams embedded with 
FG-CNTs. In their study, [9] investigated the capabilities of 
a novel RVE builder in constructing representative volume 
elements (RVEs) for CNT/Al composites. The RVE builder 
effectively created RVEs with high-volume fractions and 
intricate geometries of CNTs. Lin and Xiang [10] employed 
the First-order Shear Deformation Theory (FSDT) and the 
Third-order Shear Deformation Theory (TSDT) to investi-
gate the natural frequency characteristics of composite 
beams made of Functionally Graded Carbon Nanotubes (FG-
CNTs). The forced response of FG-CNT beams was inves-
tigated by Ansari et al. [11] using the first-order shear defor-
mation theory (FSDT). A method referred to as [12] is 
utilized to measure the resistivity between individual carbon 
nanotubes (CNTs) and carbon black nanoparticles (CB NPs). 
Subsequently, an electrical model based on modified loca-
tion analysis is employed to evaluate the piezoresistive prop-
erties of hybrid CNT-CB polymer nanocomposites when 
subjected to tension. Kee et al. synthesized a polyamide 
nanocomposite containing multi-walled carbon nanotubes 
(MWCNT) and EG network structures using supercritical 
 CO2 [13]. Aydogdu [14] investigated the vibration response 
of composite beams made of functionally graded carbon 
nanotubes (FG-CNT) using various time-stepping differen-
tial transformation methods (TSDT). The nonlinear forced 
response of FG-CNT beams has been investigated in previ-
ous studies [11, 15] using the Timoshenko beam theory 
(TBT) and considering von Kármán geometric nonlinearity. 
Shahmohammadi et  al. [16] investigated the nonlinear 
response of FG-CNT under in-plane and lateral loads. 
Chaudhari and Lal [17] investigated the free vibration 
behavior of elastically supported beams made of functionally 
graded carbon nanotubes (FG-CNT) under varying tempera-
ture conditions. Saffari et al. studied functionally graded 
carbon nanotube-reinforced composite sandwich nanoplate 
free vibration in a longitudinal magnetic field [18]. Wu et al. 
[19] investigated the post-buckling response of composite 
beams made of functionally graded carbon nanotube (FG-
CNT) materials under varying temperature conditions. 
Gholami et al. [20] employed the Timoshenko beam theory 
to investigate the dynamic behavior of FG-CNT composite 
beams with geometric defects under harmonic transverse 
loads. Shafiei and Setoodeh [21] assessed the post-buckling 
and free vibration characteristics of beams made of function-
ally graded carbon nanotube (FG-CNT) material on a non-
linear base. Ghorbani et al. [22] investigated the thermal 
vibration characteristics of pre-twisted beams made of func-
tionally graded carbon nanotube (FG-CNT) materials. Vo-
Duy et al. [23] investigated the free vibration characteristics 

of composite beams made of functionally graded carbon 
nanotube (FG-CNT) materials. They employed a novel 
Timoshenko shear deformation theory (TSDT) combined 
with a finite element method for their analysis. Khosravi 
et al. [24] investigated the vibrational characteristics of spin-
ning FG-CNTs in a temperature-controlled setting. Wu et al. 
[25] investigated the resonances of FG-CNT composite 
beams, including both fundamental and superharmonic reso-
nances. Taş and Soykok [26] examined the impact of incor-
porating CNTs on the stiffness of composite beams. Talebi-
zadehsardari et  al. [27] examined the static bending 
characteristics of curved beams made of functionally graded 
carbon nanotubes (FG-CNT). Khosravi et al. [28] conducted 
a thermal buckling analysis of spinning beams made of func-
tionally graded carbon nanotube (FG-CNT) material using 
the First-order Shear Deformation Theory (FSDT). Garcia 
et al. [29] investigated the modeling of performance charac-
teristics and elastic moduli of polymer composites reinforced 
with carbon nanotubes (CNTs). Ahmadi et al. [30] investi-
gated the behavior of polymer beams reinforced with carbon 
nanotubes (CNTs) when subjected to low velocity impact. 
They employed a hierarchical finite element approach for 
their study. Ranjbar et al. [31] investigated the low-velocity 
impact behavior of axially loaded beams made of function-
ally graded carbon nanotubes (FG-CNTs). Fallah et al. [32] 
proposed a semi-exact solution technique for analyzing the 
nonlinear dynamics of functionally graded carbon nanotubes 
(FG-CNTs) beams. Fadaee et al. [33] examined the dynamic 
stability of a spinning FG-CNT with a magnetorheological 
elastomer core. Palacios and Ganesan [34] investigated the 
dynamic response of polymer materials reinforced with car-
bon nanotubes (CNTs) through a multiscale finite element 
analysis. In their study, Fu et al. [35] examined the mechani-
cal behavior of laminated plates reinforced with carbon 
nanotubes (CNTs) under heat loads. The plates were also 
supported on elastic foundations. Kamarian et al. [36] inves-
tigated the influence of carbon nanotubes (CNTs) on the 
thermal buckling behavior of rectangular laminated compos-
ite plates. Tran et al. [37] analyzed the static behavior of 
smart laminated and carbon nanotube (CNT)-reinforced 
composite plates. They employed a novel four-variable plate 
theory for this purpose. In their study, Di Sciuva and Sor-
renty [38] investigated the behavior of FG-CNT sandwich 
plates regarding free vibration, bending, and buckling. The 
Zigzag Theory was employed for this analysis. Uspensky 
et al. designed a sandwich cylindrical shell with a honey-
comb core and carbon nanotube-reinforced composite sur-
face layers [39]. Chitour et al. [40] investigated the bending 
behavior of sandwich plate constructions with functional 
gradations under sinusoidal loads. The study by Reference 
[41] thoroughly analyzed the outcomes of 2D-FG sandwich 
porous plates of varying thicknesses. Bouazza and Zenkour 
employed an enhanced nth-higher-order theory to analyze 
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the vibration characteristics of plates reinforced with carbon 
nanotubes (CNTs) [42]. Adıyaman analyzes free vibration 
in a 2D porous functionally graded beam [43]. To strengthen 
composite plates using functionally graded carbon nano-
tubes (FG-CNTs), Uymaz et al. undertook a three-dimen-
sional thermal vibration study [44]. Civalek and Jalaei [45] 
examined the shear buckling behavior of skew plates rein-
forced with carbon nanotubes (CNTs). Taati et al. [46] devel-
oped a semi-analytical solution for the nonlinear vibration 
of beams reinforced with carbon nanotubes (CNTs), 
accounting for shear and small-scale effects. Sobhy [47] uti-
lized the Levy solution to examine the response of plates 
reinforced with carbon nanotubes (CNTs) subjected to dif-
ferent distributed loads. Yuan et al. [48] examine the vibra-
tion analysis of viscoelastic nanobeams reinforced with 
functionally graded carbon nanotubes (FG-CNTs) under 
magneto-hygro-thermal loading, based on a sinusoidal high-
order shear deformation theory. Feli et al. [49] present an 
analytical model for low-velocity impact on CNT-reinforced 
plates. Vinyas [50] utilized the finite element method to ana-
lyze the vibrations of magneto-electro-elastic plates rein-
forced with carbon nanotubes (CNTs). Shen et al. [51] con-
ducted an assessment of the nonlinear response of plates 
reinforced with carbon nanotubes (CNTs) when subjected to 
blast loads. Ensari et al. [52] conducted a study on the ther-
mal buckling analysis of plates reinforced with FG-CNT, 
while another study by the same authors [53] focused on the 
vibration response of thick plates reinforced with CNTs. 
Sharma et al. investigated FG CNT-reinforced plates for 
buckling and free vibration [54]. Torabi et al. [55] employed 
the TSDT method to examine the thermal buckling behavior 
of composite plates reinforced with carbon nanotubes 
(CNTs). Zhou and Song [56] investigated the nonlinear 
bending behavior of composite plates reinforced with carbon 
nanotubes (CNTs) using the element-free Galerkin tech-
nique. The thermal and vibrational properties of plates rein-
forced with carbon nanotubes (CNTs) exhibiting a negative 
Poisson's ratio were investigated by Yang et al. [53]. Nguyen 
et al. [54] have employed the First-order Shear Deformation 
Theory (FSDT) to develop a model for analyzing the vibra-
tion response of 2D-FGM beams subjected to a moving load. 
The dynamic response of various beams under moving 
charges and loads has been investigated in previous studies 
[57–64]. Shi [65] employed iso-geometric analysis (IGA) to 
investigate the static bending, free vibration, and buckling 
characteristics of functionally graded carbon nanotube-rein-
forced composite plates. Other studies on the FGM-CNT 
material are also discussed in references [66, 67].

The movement of loads is a significant topic in vari-
ous fields, including microelectromechanical systems 
(MEMS) and space applications. Furthermore, there is 
a lack of research on the dynamics of composite beams 
reinforced with FG-CNTs under the influence of moving 

loads in existing literature. This study focuses on the poten-
tial advanced applications of the moving load. It begins 
by developing a dynamic model for reinforced composite 
beams, specifically the uniform UD-CNT, X type (FGX-
CNT), and type (FG-CNT) beams. The model incorporates a 
novel TSDT approach. The calculation involves determining 
the interaction between the moving load and the FG-CNT 
beams by considering the kinetic energy of the load's mass 
and the vibrating beam's kinetic and potential energies. This 
study extensively investigated the impact of carbon nanotube 
distribution across the thickness of a beam and the velocity 
of a moving charge on the dynamics of carbon nanotube-
reinforced composite beams. The study's findings will aid 
in precisely designing nano-sensors capable of carrying 
live loads. Furthermore, it is believed that the findings of 
this study will have practical implications for the aerospace 
industry, particularly in the areas of advanced transfer appli-
cations in both macro and micro-dimensions.

Effective Properties of FG‑CNT Beams Under 
a Moving Charge

Figure 1(a) depicts a moving charge and a composite beam 
with dimensions L, b, and h. In the context of the given 
information, the symbol L denotes the length of the beam, 
b represents its width, h signifies its height, and A denotes 
its cross-sectional area. Figure 1(b) illustrates three types 
of aligned carbon nanotube (CNT) reinforced beams: uni-
formly distributed CNT beams (UD-CNT), functionally 
graded CNT beams type X (FGX-CNT), and function-
ally graded CNT beams type (FG-CNT). The FGX-CNT 
beams have concentrated CNT in both the upper and lower 
regions, while the FG-CNT beams have densified CNT in 
the lower region. The reinforcement of carbon nanotubes 
(CNTs) is aligned along the longitudinal direction, specifi-
cally the x-axis. Assuming uniform beam diameters, total 
weight (mTCNT), and volume percentage (VTCNT) of car-
bon nanotubes (CNTs), the distribution of CNTs in the X 
kinds follows a power law. The range [1, 55] represents the 
distribution of carbon nanotubes (CNTs) in the thickness 
direction of FG-CNT.

So, the volume fraction of CNTs that corresponds to that 
is described by:

The distribution and volume fraction of CNTs for X-type 
FGX-CNT is [10]:
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(
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In the case of uniform (UD-CNT) beams, the distribution 
is:

The outcomes of MD simulations and mixing rule [3, 4] are 
used to evaluate the practical material attributes. Consequently, 
the properties' formulations are [1].
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 are Young’s modulus and 
shear modulus of matrix and CNT, �i, (i = 1, 2and3) are 
efficiency parameters of CNT/matrix; �m and �cnt

12
 are Pois-

son’s ratios of matrix and CNT, and �m and �cnt are mass 
densities of matrix and CNT, respectively. E(z) and G(z) 
are effectively provided by [10] as;

Mathematical Formulation

The literature has different types of beam and plate theo-
ries for the shear deformation effect. In this study, we 
used a refined sinusoidal third-order shear deformation 
model (SSDT) [68]. The displacement field is in the form:

Here, u1 , u2 , and u3 denote the displacements in x, y, and 
z axes, respectively, and u(x, t) and w(x, t) represent the mid-
plane displacements in the axial and transverse directions, and 
�(x, t) is the rotation of the cross-section. Thus, strain as [69]:

(6b)E11(z) = �1VCNT (z)E
cnt
11

+ Vm(z)E
m,

(6c)G12(z) =
�3

VCNT (z)

Gcnt
12

+
Vm(z)

Gm

,

(6d)�21(z) =
�12(z)

E11(z)
E22(z), ,

(6e)�12(z) = VCNT (z)�
cnt
12

+ Vm(z)�
m

(6f)�(z) = VCNT (z)�
cnt + Vm(z)�

m,

(6g)Vm(z) = 1 − VCNT (z).

E(z) =
E11(z)

1 − �12(z)�21(z)
,

(7)G(z) = G12(z)

(8)
cu1(x, z, t) = u0(x, t) − z

�w0

�x
+ f (z)�(x, t),

u2(x, z, t) = 0,
u3(x, z, t) = w0(x, t)

xp

FGΛ-CNT

X

Z
M

v

L, A, b, h 
(a)

UD-CNT FGX-CNT

(b)

Fig. 1  a FG-CNT reinforced beam subjected to a moving charge M, b 
cross section of several beam types, UD-CNT, FGX-CNT, and FGΛ-
CNT
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With

Constitutive relationships can be expressed as follows:

The stiffnesses are

Based on the NGST, the total normal and shear stress 
are derived as [70]:

where �xx and �xz are the axial and shear strains. Ignoring the 
effects of thermal expansion in other directions except for 
the axial direction, the first part of the Eq. (13) is modified 
as follows:

The force and moment resultants can be expressed as

Using the above equations, the force and moment result-
ants in the function of the strains are given as
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The stiffness coefficients are given as follows:

The principle of Hamilton is applied here to formulate 
the equations of motion of the CNTRC beams [71]:

U, T, and V are the total deformation energy, the kinetic 
energy, and the external potential energy, respectively. The 
total deformation energy of the current problem can be 
written as

The variation of the kinetic energy at any moment is 
stated as

In addition, the variation of external potential energy gen-
erated by the applied load can be expressed as:

where q (x, t) and P is the transverse and axial loads, respec-
tively. This study demonstrates the inclusion of the axial load 
P within the general formula. Furthermore, it is observed 
that no axial load is applied in this study as a result of the 
moving mass. By substituting Eqs. (20), (21), and (22) into 
Eq. (18) and after the integration, setting each coefficient of 
�u0, �w0 and ��x to zero, the equations of motion for the used 
sinusoidal higher-order shear deformation beam theory are:

With the inertia coefficients:
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]
dAdx

(22)V =
1

2∫
l

0

[
q(x, t)�w + P

�w

�x

��w

dx

]
dx

(23)

�u0 ∶
�Nxx

�x
= I0

�2u0

�t2
− I1

�3w0

�x�t2
+ I3

�2�x

�t2
,

�w0 ∶
�2M

�x2
= P

�2w0

�x2
+ I0

�2w0

�t2
+ I1

�3u0

�x�t2
− I2

�4w0

�x2�t2
+ I4

�3�x

�x�t2
,

��x ∶
�P

�x
− Qxz = I3

�2u0

�t2
− I4

�3w0

�x�t2
+ I5

�2�x

�t2

(24)

(I0, I1, I2, I3, I4, I5) = b∫
h∕2

−h∕2

�(z)(1, z, z2, f (z), zf (z), f (z)2)dz



5208 Journal of Vibration Engineering & Technologies (2024) 12:5203–5218

1 3

The equations of motion of nonlocal strain gradient nano-
plate can be governed.

Analytical Solution

Navier’s approach will be used to define the vibration fre-
quencies and displacements for the simply supported bound-
ary conditions. For the classical boundary conditions in 
Eq. (25) (at x = 0 and x = L)

And for non-classical boundary conditions (at x = 0 and 
x = L)

Assuming the vibration solution is periodic in time, the 
displacements are in the form:

where i =
√
−1 , and �n is the natural vibration frequencies. 

For any Un , Wn and Φn, the series solution (28) satisfies the 
classical and non-classical boundary conditions in (26) and 
(27). The following eigenvalue equation is derived by sub-
stituting Eq. (28) into Eq. (25).
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mass matrices, respectively. Moreover, the coefficients of 
them are described as follows:

For the forced vibration response of the FG Timoshenko 
nanobeam, substituting Eq. (28) into (25), one can derive 
the following equation:

where � is the external force vector, and it can be defined 
according to the type of the transverse load q(x) as given 
below [71]:

The external load can be expanded in the Fourier series, 
and the term Qn is defined as follows:

For point load at xp , the external load is defined as 
q(x) = F�(x − xp) and Qn is derived as:

�11 = −A11c2�
2,�13 = −B11c2�

3,�13 = C11c2�
2

�21 = B11�
3c2,�22 = −D11�

4c2,�23 = −F11�
3c2,

�31 = �13,�32 = �23

�33 =
(
H11�

2+J66
)
c2,�G22 = −�2c1

�11 = I0c1,�12 = −I1�c1,�13 = I3c1,

�21 = �12,�22 = (I0 + I2�
2)c1,�23 = −I4�c1

�31 = �13,�32 = �23,�33 = I5c1

(30)c1 = 1 + (ea)2�2, c2 = 1 + l2
m
�2,

(31)��̈ + (� − P�
G
)� = �,

(32)� =

⎧
⎪⎨⎪⎩

0

Qnc1
0

⎫
⎪⎬⎪⎭
,

(33a)q(x) =
∑
n

Qnsin
n�x

L
,

(33b)Qn =
2

L∫
L

0

q(x)sin
n�x

L
dx,

Qn =
2F

L
sin

n�

L
xp, n = 1, 2, 3,…

(34a)xp = L∕2;
yields
→ Q

n
=

2F

L
sin

n�

2
, n = 1, 2, 3,… ,
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For uniform load:

Results

Numerical Verification

To check the accuracy of the proposed method, a FGM 
beam made of alumina and aluminum, studied by [72–74], 

(34b)q(x) = q0,Qn =
4q0

n�
, n = 1, 3, 5,…

is considered. As used in the literature, the fundamental non-
dimensional frequency parameter �1 is described as follows:

For different power-law exponent k and slenderness ratios 
L/h, the analysis results are given in Table 1. As seen in 
Table 1, the present study's results and the literature's results 
are in good agreement.

Another FGM beam subjected to a moving load is ana-
lyzed to compare the forced response results. The constitu-
ents of the beam material are alumina and stainless steel 
(SUS 304), and the properties of the beam are the same as 
those given by [75, 76]. In Table 2, the results are very close 
to those in the literature.

TFor more comparison, the following material properties 
[10, 77] are used: Em = 2.5GPa,�m = 0.3,Ecnt

11
= 5646.6GPa , 

Ecnt
22

= 7080GPa  ,  Gcnt
12

= 1944.5GPa  ,  �cnt
12

= 0.175, 
�m = 1190kg∕m3 , �cnt = 2100kg∕m3 , h = 0.1m , with the 
efficiency parameters of CNT in Table 3 [10]. The dimen-
sionless frequency parameter is defined as [10].

(35)�1 = �1L
2

(
∫

h∕2

−h∕2

�(z)dz

) 1

2
(
h2∫

h∕2

−h∕2

E(z)dz

) −1

2

Table 1  Comparison of the 
frequency parameter (λ1) 
between  Al2O3 and Al for the 
simply supported FGM beam

Power-law exponent k Fundamental frequency, λ1

References L/h = 10 L/h = 30 L/h = 100

0 Present 2.8027 2.8434 2.8483
From [72] 2.7970 2.8430 2.8480
From [73] 2.8026 2.8438 2.8486
From [74] 2.8027 2.8458 2.8488

0.3 Present 2.6992 2.7362 2.7414
From [72] 2.6950 2.7370 2.7420
From [73] 2.6992 2.7368 2.7412
From [74] 2.6953 2.7361 2.7421

Table 2  Comparison of the 
maximum midspan reactions of 
FGM beams

Source SUS304 (132 m/s) k = 0.2 (222 m/s) k = 0.5
(198 m/s)

k = 1
(179 m/s)

k = 2
(164 m/s)

k = 5
(164 m/s)

Al2O3
(252 m/s)

Present 1.7318 1.0338 1.1432 1.2694 1.3361 1.6316 0.9327
[75] 1.7324 1.0344 1.1444 1.2503 1.3376 - 0.9328
[76] 1.7301 1.0333 1.1429 1.2486 1.3359 - 0.9317

Table 3  CNT efficiency parameters [10]

CNT efficiency param-
eters

V
TCNT

0.12 0.17 0.28

η1 0.137 0.142 0.141
η2 1.022 1.626 1.585
η3 0.715 1.138 1.109

Table 4  Presentation of the 
frequency values �1 of FG-CNT 
beams,V

TCNT
= 0.12, (L∕h = 10).

FGΛ-CNT FGX-CNT UD-CNT

Boundary cond Present References [10] Present References  [10] Present References\ [8]

P-P 1.2291 1.2296 1.3856 1.3852 1.2571 1.2576
C-P 1.3942 1.3944 1.5387 1.5385 1.4552 1.4556
C–C 1.6059 1.6063 1.7232 1.7230 1.6673 1.6678
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Three boundary conditions are examined in the analy-
sis: Clamped–Clamped (C–C), Clamped–Pinned (C-P), and 
Pinned–Pinned (P-P). Table 4 compares the fundamental 
frequency parameter λ1 for a total CNT volume percentage 
of 0.12 and a slenderness ratio of L/h = 10. After numerous 
convergence investigations, the results are in excellent agree-
ment with the literature, particularly those of [10], which 
accounts for N = 15 terms in the Ritz technique.

Table 5 displays the first three frequency parameters 
�1, �2, �3 for various FG-CNT beams with a total volume 
percentage of CNT V TCNT = 0.28, slenderness ratio 
L/h = 15, and (P-P) boundary conditions to compare the new 
formulation with the literature. The results of the current 
study are roughly equivalent to those of the Ritz technique 
with N = 15 terms [10] and the generalized differential quad-
rature method (GDQM) [8] with N = 9 grid points.

Depending on the CNT volume fractions, slenderness 
ratios, and distribution types, the fundamental frequency 
parameter �1 is calculated. Table 6 shows the comparisons 
of fundamental frequencies �1 = �1L

2
√
�m∕(Emh

2) of dif-
ferent nanobeams for VTCNT and L/h. As seen from Table 6, 
for the same slenderness ratio and CNT volume fraction, 
the fundamental frequency of the FGX type is more sig-
nificant than FGΛ, and the fundamental frequencies in the 
UD type are the lowest. In the case of a FGX distribution, 
it can be observed that carbon nanotubes tend to be more 

(36)�i = �iL

√
�m

[
1 − (�m)2

]
∕Em

concentrated in the outer regions of the beam. The func-
tional gradation of the material results in increased iner-
tia and bending resistance. Due to this reason, given that 
the natural frequencies within the FGX distribution exhibit 
higher values in comparison to the other distributions, it is 
observed that the FGX distribution resonates, thereby yield-
ing maximum response, at elevated load speeds relative to 
the remaining distributions.

To enhance the verification of the research, we include an 
analysis of beam. This beam has been extensively studied in 
existing literature and is characterised by the materials Al 
2O3 and SUS 304. The specific properties of the beam are 
provided in Table 7. Table 8 presents the findings derived 
from the conducted study, along with the corresponding val-
ues cited in the literature [74–76]. Table 4 presents the find-
ings of the current study, which demonstrate a high degree of 
similarity to the results reported in previous scholarly works, 
particularly those documented in reference [75].

Case Study

Using the same material properties given above for interac-
tion with the moving load, numerous analyses have been 
made considering the velocity of the load. The slenderness 
ratio is chosen as L/h = 10, and the thickness and width of 

Table 5  The first three frequency parameters �1, �2, �3 , for different 
FG-CNT beams with V

TCNT
= 0.28, (L∕h = 15) , (P-P) boundary con-

ditions

CNT distribu-
tion

Mode Present study Reference 
[10]

Reference [8]

FGΛ-CNT 1 1.4015 1.3975 1.4027
2 3.8475 3.8370 3.8639
3 6.7325 6.6976 6.7618

FGX-CNT 1 1.6445 1.6409 1.6493
2 4.4465 4.4333 4.4752
3 7.3023 7.2258 7.3068

UD-CNT 1 1.4378 1.4348 1.4401
2 4.1254 4.1050 4.1362
3 6.9015 6.8595 6.9245

Table 6  Comparisons of 
fundamental frequencies 
�1 = �1L

2
√
�
m
∕(E

m
h2) of 

different nanobeams for V
TCNT

 
and L/h,

UD FGΛ FGX

V
TCNT

L/h = 5 L/h = 15 L/h = 25 L/h = 5 L/h = 15 L/h = 25 L/h = 5 L/h = 15 L/h = 25

0.12 6.7032 13.8745 15.6102 6.9952 13.5905 15.4143 7.2033 15.3266 18.0963
0.17 8.6415 16.8298 18.6968 8.8390 16.5389 18.5005 9.1412 18.8007 21.8404
0.28 9.3455 19.4747 22.3750 9.4854 19.1949 22.1377 9.7305 21.4979 25.8978

Table 7  Material properties [74]

Properties Alumina  (Al2O3) Stain-
less steel 
(SUS304)

E 390 GPa 210 GPa
ρ 3960 GPa 8166 GPa
υ 0.3 0.3177

Table 8  Comparison of maximum midpoint displacements for iso-
tropic solid beam under a moving charge

Source V = 132 m/s V = 252 m/s

Present 1.7309 0.9321
Ref. [74] 1.7316 0.9326
Ref. [75] 1.7324 0.9328
Ref. [76] 1.7301 0.9317
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the beams are h = b = 1 m. For the power-law exponent, 
k = 1 is used unless otherwise stated. A parametric moving 
load velocity is applied between β = 0 and 1, where β = v/
vcr, vcr = ω/ω1, ω: the loading frequency of the moving load 
with ω = πv/L, [78] and ω1 is the fundamental natural fre-
quency of UD-CNT beam. The dynamic interaction analysis 
is carried out by Newmark numerical integration procedure 
with 500-time steps. The mass of the load is M = 100 kg for 
all analyses, and dynamic amplification factors (DAFs) are 
defined as the ratio of the maximum midspan displacement 
to the static displacement where the load is in the midspan 
of the beams. The DAFs are normalized for their static dis-
placement for each type of composite beam. The normalized 
amplitude of the DAFs, Wrel is defined as:

where ws is the static mid-span displacement, with:

(37)Wrel = wmax(L∕2, t)∕ws

Figure  2 presents the normalized dynamic displace-
ments of the midpoints of the UD-CNT, FGX-CNT, and 
FGΛ-CNT beams according to the dimensionless velocity 
(speed parameter) of the moving load for the total volume 
fraction of CNTs VTCNT = 0.12 . For this value, the dynamic 
characteristics of the UD-CNT and FGΛ-CNT beams appear 
to be very close to each other, and when compared to each 
other, the uniform UD-CNT is slightly weaker in stiffness 
than FGΛ-CNT. While the maximum displacement values 
of these two occur at β = 0.286 of the speed parameter, the 
maximum displacement of the FGX-CNT beam occurs at 
β = 0.34. This means that the FGX-CNT beam is weaker 
than the others regarding dynamic stiffness but better than 
the others regarding resonance performance. One of the 
reasons for this feature of the FGX-CNT beam is that the 
effective mass is distributed close to the lower and upper 
planes of the beam, away from the neutral beam axis, and 
similar behaviors are seen in Figs. 3a and b. The results of 
the analysis are presented for VTCNT = 0.17 in Fig. 3a and 
VTCNT = 0.28 in Fig. 3b. Also, the maximum response value 
for Type X is observed to be 1.68, with this maximum occur-
ring at β = 0.5. In the case of type U, the maximum response 
is observed at β values of 0.35 and 1.66. Similarly, for type 
Λ, the maximum response is observed at β values of 0.34 
and 1.657. This implies that the natural frequency of the 
beam, characterized by a material distribution that elicits a 
greater response at higher velocities compared to alterna-
tive distribution types, exhibits a higher magnitude relative 
to the remaining distributions. An increase in frequency 
corresponds to an increase in strength. Hence, it has been 
demonstrated that the FGX distribution exhibits a greater 
frequency in comparison to the remaining distributions. 
As the total ratio of CNTs in the beam increases, the speed 
parameters at which maximum displacements occur in all 
beam types also increase. This means that the CNT addition 

(38)ws =
MgL3

48EI

0 0.2 0.4 0.6 0.8 1
0.6

0.8

1

1.2

1.4

1.6

1.8

W
re
l

VTCNT=0.12

Type: U
Type: X
Type:

0.286 0.287

1.657

1.6575

1.658

Fig. 2  The comparisons of normalized maximum mid-point displace-
ments of different FG-CNT reinforced beams for V

TCNT
= 0.12 . The 

zoomed window: the curves about β = 0.286 where the DAFs of UD-
CNT and FGΛ-CNT are nearly at the maxima

Fig. 3  The presentation of nor-
malized mid-point deflections 
of different FG-CNT reinforced 
beams for a V

TCNT
= 0.17 , b 

V
TCNT

= 0.28 . The zoomed 
windows: the curves about 
β = 0.286 where the DAFs of 
UD-CNT and FGΛ-CNT are 
nearly at the maxima
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raises the resonant frequency of the beam, and the possible 
resonance will occur at higher speeds of the moving load. 
From this, we can conclude that CNT reinforcement will 
provide a better dynamic behavior than beams that are not 
reinforced. This result may be helpful for beams to be used 
in high-speed applications of moving charge problems.

For VTCNT=0.12, 0.17, and 0.28, Fig. 4a, b and c show 
the dynamic behaviors of UD-CNT, FGX-CNT and FGΛ-
CNT reinforced beams, respectively. Similar to the results of 

the previous analysis, the FGX-CNT reinforced beams have 
the best resonance behavior, showing maximum displace-
ment at higher mass speeds when compared to the other 
beam types. The UD-CNT reinforced beam looks slightly 
better than the FGΛ-CNT reinforced beam in terms of mass 
velocity at which it undergoes resonance. The increase in the 
total volume fraction of CNTs in all three beam types causes 
maximum displacements at higher mass velocities. That is, 

Fig. 4  The presentation of nor-
malized mid-point deflections 
of CNT-reinforced beams for 
different total volume fractions 
V
TCNT

= 0.12, 0.17and0.28 . 
a UD-CNT. b FGΛ-CNT. c 
FGX-CNT
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the addition of CNT improves the dynamic behavior of the 
beam, which would be advantageous for applications where 
high strength, lightness, and better resonance behavior are 
desired.

For the total volume fractions VTCNT = 0.12, 0.17, and 
0.28 values with power-law index k = 0.5, Fig. 5a and Fig. 5b 
show the dynamic response of FGA-CNT and FGX-CNT 
reinforced beams, respectively. It is understood from the 
graphs that the value of k = 0.5 decreases the velocities at 
which the maximums occur when compared to the results 
of k = 1. In Fig. 5a, it was observed that the maximum dis-
placement occurred at β = 0.279 for VTCNT = 0.12, whereas 
for the same VTCNT The maximum displacement occurred at 
β = 0.287, as given in Fig. 1. Similar behavior is also valid 
for FGX-CNT reinforced beams in Fig. 5b. In Fig. 5b, the 
maximum displacement occurs at β = 0.32 for VTCNT = 0.12, 
while the maximum displacement occurs at β = 0.34 for the 
same VTCNT in Fig. 1. For the other VTCNT = 0.17 and 0.28, 
decreasing the value of k decreases the speed parameter at 
which the maximum displacements occur.

To better understand the dynamic behavior of FG-CNT 
beams, it is necessary to look at the time-dependent dynamic 
response of FG-CNT beams under the moving load. As 

previously mentioned, the ratio of the fundamental fre-
quency to the excitation frequency [78] (� = �L∕v) of the 
load is very important and it is obvious that the vibration 
amplitudes of the beams increase as this ratio approaches 1. 
As is known, the vibration mode shape of the fundamental 
frequency of a simply supported beam is in the form of a half 
sine wave. The beam makes maximum dynamic displace-
ment when the excitation frequency of the load is a complete 
sine wave while the beam vibrates [79, 80]. This event is a 
kind of resonance event. However, after a while, the mov-
ing charge will leave the span of the beam, and the effect 
of the moving load will be transient. Hence, this resonance 
becomes temporary, and the vibration amplitude of the beam 
increases limitedly. As it is different from other vibrating 
forced systems, it is not exposed to much dynamic excitation 
that will cause an excessive increase in vibration amplitude.

For this reason, unlike other forced vibrating beam sys-
tems, the dynamic behavior of beams forced by moving load 
is specific depending on the excitation frequency of the mov-
ing load, hence the beam system's speed, mass, and flexibil-
ity properties. When this issue is understood sufficiently, one 
can better understand the dynamic behavior of beam systems 
under moving loads. For this reason, the dynamic responses 

Fig. 6  The comparisons of 
normalized time histories of 
the mid-point displacements of 
UD-CNT reinforced beams for 
different total volume fractions 
V
TCNT

= 0.12, 0.17and0.28 , 
and dimensionless velocity � , a 
� = 0.1 , b � = 0.25 , c � = 0.5
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of the considered beam types were investigated in detail, 
and the dynamic responses of UD-CNT reinforced beams at 
different speeds are presented in Figs. 6a, b, and c.

The dynamic responses of the UD-CNT reinforced 
beams based on the total CNT volume fractions are pre-
sented comparatively for the values β = 0.1 in Fig.  6a, 
β = 0.25 in Fig. 6b, and β = 0.5 in Fig. 6c. Looking at the 
dynamic behaviors of the UD-CNT reinforced beams with 
different total CNT volume fractions for the dimensionless 
load velocity β = 0.1 in Fig. 6a, it is seen that the dynamic 
displacements are different depending on the CNT amount. 
The number of full vibration waves seen in the response 
curves can be used to recognize the dynamic characteristics 
of the beam. Thus, in the curves given comparatively, the 
beam with the highest number of vibration waves behaves 
more rigidly than the others, and this beam is further away 
from the resonance zone for this speed. As the curves in the 
graphs show, the number of waves in UD-CNT beams with 
higher CNT addition is higher than in those with less CNT. 
The magnitude of the time-dependent dynamic response at 
a low speed also depends on the direction of the vibration 
waves so that it can be somewhat misleading. So, we cannot 
immediately say that the beam with the highest response is 

more flexible. However, in Fig. 6b, the vibration shape of 
the beams in all CNT ratios is almost like a half sine wave. 
Here, β = 0.25, and the vibration amplitudes are quite high 
since the beams are forced by an excitation load speed close 
to the maximum displacement zone of the beam. Here, the 
most flexible beam will have the highest vibration amplitude, 
and as seen from the curves, the beams with the lowest total 
CNT volume fraction at VTCNT = 0.12 has the highest vibra-
tion amplitude, and the one with VTCNT = 0.28 has the lowest 
vibration amplitude. Since the vibration wave numbers of 
the beams are very close and the vibration shapes are almost 
the same in this region, a relationship can be established 
between vibration amplitude and beam flexibility.

Depending on the time, the dynamic responses of the 
FGΛ-CNT reinforced beams are given in Figs. 7a, b, and c 
for β = 0.1, 0.25, and 0.5 values, respectively. Moreover, for 
the same values of β, in Figs. 8a, b, and c, the time-depend-
ent dynamic responses of the FGX-CNT reinforced beams 
are given, respectively. In the time-dependent dynamic 
behavior of these beams, the speed of the load, the excita-
tion frequency of this speed, and the distance of this fre-
quency to the resonance zone are essential. Compared to 
each other, it is observed that FGX-CNT reinforced beams 

Fig. 7  The comparisons of 
normalized time histories of 
the mid-point displacements of 
FGΛ-CNT reinforced beams 
for different total volume frac-
tionsV

TCNT
= 0.12, 0.17and0.28 , 

and dimensionless velocity � . 
a� = 0.1 , b� = 0.25 , c � = 0.5
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create lesser vibration amplitudes for the same load veloci-
ties since they are far from the resonance zone. Compared 
to the resonance velocities of other UD-CNT and FGΛ-CNT 
reinforced beams, FGX-CNT beams have the highest reso-
nance velocities. In this respect, in the dynamics of FG-CNT 
reinforced beams, the total volume fractions of CNTs and 
the distribution of CNTs along the thickness are essential. 
Thus, in moving load applications, it is possible to design an 
FG-CNT-reinforced composite beam that can give the best 
dynamic performance for the mass and speed of the load.

Conclusions

This study models and analyzes the dynamic behavior 
of FG-CNT-reinforced beams interacting with a moving 
load. Three types of FG-CNT beams, uniform UD-CNT, 
FGΛ-CNT, and FGX-CNT composite beams are modeled, 
and their dynamic behaviors under the moving charge are 
analyzed. The research findings indicate that the inclusion 

of CNTs enhances the dynamic behavior of beams, and 
this improvement grows as the number of CNTs increases. 
With the addition of CNT, the composite beams behave 
stronger, and the traveling mass velocity at maximum dis-
placement increases. This also means that using FG-CNT 
reinforced composite beams for high-speed applications 
will bring an advantage.

In addition, the distribution of CNTs along the beam 
thickness is also important besides the total volume frac-
tions of CNTs since the dynamic enhancement of the mix-
ture model type X of the FGX-CNT, in which CNTs are 
concentrated on the lower and upper surfaces of the beam, 
is better than the other types. For the same amount of total 
volume fractions of CNTs, the dynamic behaviors of FGΛ-
CNT and UD-CNT beams are close. If a ranking is made 
for the dynamic behavior of composite beams according to 
the three types of CNT distributions considered, the FGX-
CNT is the best, then FGΛ-CNT, and then UD-CNT. It is 
observed that the enhancement of the dynamic behavior 

Fig. 8  The comparisons of 
normalized time histories of 
the mid-point displacements of 
FGX-CNT reinforced beams 
for different total volume frac-
tionsV
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of FGΛ-CNT and FGX-CNT beams is weakened when the 
power-law index k is decreased.

Depending on the type of mixture and the total amount 
of CNT, the beam with a more flexible structure shows 
higher displacement at lower speeds than the beams with 
higher stiffnesses. It is understood from the analysis that 
the stiffness of the beams increases with the increase in 
the amount of CNT in all beam types. Using the approach 
described in this paper, building and evaluating an FG-
CNT reinforced composite beam with the appropriate 
dynamic characteristics for use in an application involv-
ing a moving load is feasible.
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