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ORIGINAL ARTICLE

Thermomechanical vibration response of nanoplates with magneto-electro-
elastic face layers and functionally graded porous core using nonlocal strain
gradient elasticity

Mehmet Akif Koça , _Ismail Esenb , and Mustafa Ero�gluc

aTechnrology Faculty, Mechatronics Engineering Department, Sakarya Applied Sciences University, Sakarya, Turkey; bEngineering Faculty,
Mechanical Engineering Department, Karab€uk University, Karab€uk, Turkey; cEngineering Faculty, Mechanical Engineering Department,
Sakarya University, Sakarya, Turkey

ABSTRACT
The thermal vibration and buckling behavior of a functionally graded nanoplate are examined in
this study. The nanoplate is made up of a silicon nitride/stainless steel core plate and two cobalt-
ferrite/barium-titanate face plates. Four alternative porosity models were used to simulate the por-
osity of the nanoplate, and numerous variables that can affect the nanoplate’s behavior were
taken into account. The study found that the thermomechanical behavior of nanoplates with mag-
neto-electro-elastic face layers and a functionally graded porous core plate is affected by material
gradation indices, porosity ratios, nonlocal variables, and different core plate material porosity
models.
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1. Introduction

Magneto-electro-elastic (MEE) materials are a type of mater-
ial that can change shape or dimensions when exposed to a
magnetic field (magnetostriction) and can generate electrical
charges when subjected to mechanical stress (piezoelectri-
city). These properties make MEE materials attractive for
use in various applications of nanotechnology. For example,
they can be used as sensors and actuators, which can con-
vert electrical signals into mechanical motion or vice versa.
MEE materials may also be used in the development of
microelectromechanical systems (MEMS) and nanoelectro-
mechanical systems (NEMS) for use in fields such as
robotics, medical technology, and electronics. Additionally,
MEE materials have the potential to be used in energy har-
vesting devices, which can convert mechanical energy into
electrical energy through the use of piezoelectricity. Ongoing
research is exploring the potential uses of MEE materials in
nanotechnology [1–6].

The enormous potential for application in recently
emerging technology advancements makes understanding
the mechanical behavior of a system comprised of smart
materials essential. Silicon Nitride (Si3N4) and stainless steel
(SUS304) are the most used materials in micro/nanoelectro-
mechanical systems because of their excellent strength and
endurance [7]. A silicon nitride ceramic substance is
renowned for its great strength, low density, and superior
wear and corrosion resistance. It can function at high tem-
peratures and is a great electrical insulator. These character-
istics make it ideal for use in structural and wear-resistant

components and MEMS/NEMS applications such as MEMS
sensors and actuators [8,9]. For example, a dense structure
of silicon nitride ceramic was fabricated by direct ink writ-
ing using aqueous suspensions in the study [10]. A mini-
ature and high-sensitivity volatile organic compound (VOC)
sensor have been developed that can detect small amounts
of the toxic chemical pyridine vapor in the air using a sili-
con nitride Mach-Zehnder interferometer waveguide with a
sensitive cladding material made of polycarbonate [11]. The
process produced microcracks, globules, pores, recast layers,
and craters on the surface, with higher porosity levels
observed in the rotary EDM process, according to this study,
which looked at the machinability and surface characteristics
of Si3N4 TiN composites when machined using rotary and
die-sinking electrical discharge machining methods [12]. A
steel alloy with at least 10.5% chromium is called SUS304,
and it is renowned for its ability to resist corrosion as well
as for being strong and long-lasting. It also has a low coeffi-
cient of thermal expansion and is resistant to high tempera-
tures. The behavior of sediment containing hydrates is
predicted using a multiphase constitutive model, which is
then confirmed using test data [13]. Due to its corrosion
resistance and mechanical strength, SUS304 is frequently
utilized in micro/nanoelectromechanical systems [14–16]. A
series of experiments were conducted to study the flow
behavior of SUS304 under different forming conditions and
the results were analyzed to understand the underlying rea-
sons for the variations in flow behavior [17]. In the study
[18], the impact of resin lamination on the tensile strength
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of SUS304 stainless steel thin films was examined. It was
discovered that while laminating polypropylene or polyethyl-
ene terephthalate films onto the SUS film did not signifi-
cantly alter the strain or surface changes under tensile load,
doing so did reduce the fracture strain, particularly in thin
films. The study [19] investigated the SIMT behavior of
commercial SUS304 metastable austenitic stainless steel with
a focus on understanding the role of SFE on SIMT at higher
strain rates. The steel was subjected to quasi-static and
impact tensile tests to determine its relative magnetic perme-
ability during deformation. A feedback loop for automation
systems and material monitoring is created by analyzing the
Long Period Grating Fiber Sensor inserted in a smart com-
posite material for its reaction to mechanical vibrations. The
simulation findings and experimental results are in excellent
agreement [20].

Functionally graded materials (FGMs) are substances
with a gradient in their composition or microstructure,
which may cause a gradient in their mechanical and physical
characteristics. Due to their capacity to tailor component
properties for particular applications, these materials have
been extensively used in a range of industries, from macro-
scale (vehicle, aviation, space and marine technologies, elec-
tronics, nuclear reactors, and biomedical engineering) to
micro and nanoscale (micro/nano-electro-mechanical sys-
tems, shape memory alloys, and atomic force microscopes).
By customizing the gradient of material characteristics to
fulfill certain criteria, such as strength, stiffness, corrosion
resistance, and thermal conductivity, FGMs have been
employed on a larger scale to enhance the performance of
components [21]. With a focus on how the shear stress and
radial stress change with various pad contact areas and
material property models, research employing finite element
analysis examines the mechanical behavior of a functionally
graded material braking disk under heat loading [22]. The
study outlines a sound-wave-assisted vibrational casting pro-
cess for producing FGMs with a gradient distribution of
boron carbide (B4C) particles in an aluminum matrix and
examines the resultant microstructure and characteristics of
the FGMs [23]. The research [24] explores the impact of
volume fraction distributions on wave propagation and pro-
poses higher-order shear deformation beam theories for
functionally graded beams with possible applications in
ultrasonic inspection and structural health monitoring. With
possible applications in ultrasonic inspection and structural
health monitoring, this study proposes plate theories for
wave propagation in functionally graded plates with poros-
ities, accounting for transverse shear deformation and
changed material characteristics [25]. Using third-order
shear deformation theory and Hamilton’s principle, this
study examines the natural frequencies of imperfectly func-
tionally graded sandwich plates with porous face sheets and
an isotropic homogeneous core that are supported by an
elastic foundation. It also looks at the effects of porosity vol-
ume fraction, porosity distribution types, lay-up scheme,
and side to thickness ratio on the non-dimensional funda-
mental natural frequency [26]. In order to predict crack
behavior under extreme temperature conditions [27], a

thermal-mechanical coupling model for FGMs has been pro-
posed. The model’s accuracy and robustness have been veri-
fied through numerical tests, and it has been used to
investigate the thermal cracking process in FGMs under
various thermal loads. The influence of crack interaction on
crack growth patterns has also been discussed. The mechan-
ical characteristics of 6061 aluminum/SiC composite materi-
als were examined in the work, and it was discovered that
the SiC concentration and interlayer variation might greatly
affect their tensile strength and elongation [28]. High-dens-
ity bone issues with traditional implants may be effectively
addressed with functionally graded material implants [29].
The FGMs were investigated for their behavior under ther-
mal loads with various temperature profiles using the First
Order Shear Deformation Theory (FSDT), and the outcomes
were compared to previous research [30]. FGMs can be pro-
duced using various techniques and have many uses. They
differ in their microstructure, content, or both, which affects
how their characteristics change across their length or thick-
ness [31]. For the first time, FGMs with hydroxyapatite
(HA) and bioactive glass were produced using spark plasma
sintering (SPS), employing two distinct series of FGMs with
various compositions and microstructures that were created
under optimal SPS conditions [32]. The approach described
in the study [33] uses a quadrilateral finite element model
and the Asymptotic Numerical Method (ANM) to examine
the buckling and post-buckling behavior of a functionally
graded material plate. The normal point contact between
two elastic spheres with functionally graded material coat-
ings is examined using a model the study [34], from which
analytical solutions for the contact force and stress are
derived. The study [31] proposes an innovative nature-
inspired functionally graded lattice filled protection structure
(FGLPS) to enhance the structural energy absorption charac-
teristics of thin-walled structures under ship impact load-
ings. Moreover, the buckling behavior of a reinforced
polyhedral liner under a point load is examined in the study
[35]. The other FGMs studies have been given in [36].

FGMs have been used at the micro and nanoscale to
enhance component performance by modifying the gradient
of material characteristics to satisfy certain needs, such as
electrical conductivity, magnetic qualities, and mechanical
strength [37]. The study presents [38] the usage of a func-
tionally graded magneto-electro-elastic nanoplate as a nano
sensor, evaluates its sensitivity using a power law distribu-
tion model and a nonlocal Mindlin plate assumption, and
takes into account different aspects that impact its frequency
shift. Using the modified couple stress theory and refined
zigzag theory, the research examines the impact of various
parameters on the wave velocity of a micro-sandwich beam
[39]. The nonlocal strain gradient theory and the Galerkin
technique are used in the study [40] to look into the nonlin-
ear forced vibrations of micro resonators. The other nonlin-
ear vibration of the structures given in [41]. The study [42]
uses a semi-analytical approach based on Eringen’s nonlocal
elasticity theory to examine the effects of various variables
on the vibrational features of functionally graded nano-
beams. Using a nonlocal theory and third-order parabolic
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beam theory, the paper [43] offers a research on the thermo-
electric-mechanical vibration behavior of functionally graded
piezoelectric nanobeams and explores the influence of differ-
ent parameters on the natural frequencies of the nanobeams.
A novel three-dimensional framework has been established
to analyze the thermo-electro-mechanical buckling of func-
tionally graded piezoelectric cylindrical nano/micro-shells
when they are compressed axially, subjected to an external
applied voltage, and then uniformly heated [44]. The paper
[45] investigates the nonlinear primary resonant dynamics
of truncated conical microshells made of magnetostrictive
material and with a functionally graded structure under an
external magnetic field and mechanical excitation, using a
microstructure-dependent model and numerical analysis
method. The study [46] uses first-order shear deformation
theory and nonlocal theory to examine the vibration behav-
ior of a composite nanoplate with an attached mass-spring-
damper system. It also looks at how different factors affect
the system’s natural frequency. Using numerical analysis and
mathematical modeling, the study [47] examines the vibra-
tion response of thick microplates formed of porous expo-
nentially functionally graded materials under accelerated
moving loads. In order to increase performance and lower
embodied carbon, the study [48] suggests a unique method
that uses functionally graded concrete and voids to improve
the mechanical and environmental performance of rein-
forced concrete buildings. Using Navier’s approach, the
bending and buckling of sandwich plates with various por-
osity laws were examined [49].

Numerous research has recently concentrated on the
static and dynamic characterization of FG MEE structures
comprised of piezoelectric and magnetic materials. MEE
structures are composite materials with piezoelectric and
magnetic capabilities that might be used as energy harvest-
ers, sensors, and actuators [50]. The paper [6] uses a distrib-
uted parameter model and the modified Eshelby–Mori–
Tanaka (EMT) approach to examine the impact of carbon
nanotube (CNT) agglomeration on the energy harvesting
behavior of a unimorph multifunctional cantilever beam
(UMCB). In order to reduce the coupled nonlinear response
of sandwich plates under various forms of loading, the study
[51] examines the efficacy of a method known as active-con-
trolled layer damping (ACLD). With potential applications
in wave manipulation, communication systems, and electro-
magnetic stealth, the paper provides a PB phase metasur-
face-based polarizer for polarization control and radar cross
section reduction [52]. The paper [53] reveals that skew
angles and aspect ratios may significantly affect the behavior
of SMEE plates, composite materials having both magnetic
and electrical characteristics, and presents a model for
understanding their behavior. The study [54] shows a finite
element model for the static and dynamic analysis of func-
tionally graded MEE plates and shells. These materials have
continuously changing properties that are affected by a var-
iety of physical phenomena, including magnetism, electricity,
and mechanics. The study [55] looks at how different varia-
bles affect the thermal vibration and buckling behavior of a
porous nanoplate constructed of functional grades of cobalt-

ferrite and barium-titanate. The paper proposes a method to
address flutter instability in functionally graded plates sub-
jected to supersonic airflow with any yawed angle, using the
first-order shear deformation theory, physical spring tech-
nology, and characteristic orthogonal polynomials. The
study [56] analyzes the critical angular velocity and fre-
quency of an MEE rotary microdisk using modified couple
stress theory and parametric analysis. The results demon-
strate that external magnetic and electric fields can increase
maximum deflection. By discretizing the domain with poly-
gon meshes and representing the generalized intensity fac-
tors of stress, electric displacement, and magnetic induction
fields analytically, the Scaled Boundary Finite Element
Method (FEM) is a numerical method used to examine the
fracture of magneto-electro-elastic materials [57]. The FSDT
and the Voigt model are used in the paper to present a
model for analyzing the vibrational and acoustic properties
of magneto-electro-thermo-elastic functionally graded por-
ous plates (METE-FGPPs). The model’s convergence, accur-
acy, and adaptability are shown through comparison to
previous findings and analysis of the impact of various
parameters on the vibration and acoustic radiation of the
METE-FGPPs [58]. In the study [59], the active vibration
damping capabilities of the host structure are examined in
relation to the employment of functionally graded piezoelec-
tric materials as sensors and actuators for active vibration
management of host structures.

Due to their magneto-electro-elastic characteristics, the
researchers in the study decided to employ cobalt-ferrite
(CoFe2O4) and barium-titanate (BaTiO3) as the face layers
of the nanoplate. These materials have two unique proper-
ties: piezoelectricity, which allows them to produce electrical
charges under mechanical stress, and magnetostriction,
which allows them to change form or size when exposed to
a magnetic field. Due to these qualities, MEE materials have
the potential to be beneficial in a variety of nanotechnology
applications, such as sensors, actuators, and energy harvest-
ing devices. The Si3N4 and SUS304, which are renowned
for their strength, low density, and exceptional wear and
corrosion resistance, are used to create the nanoplate’s core.
These characteristics make them appropriate for application
in structural and wear-resistant components, as well as in
MEMS and NEMS. The analysis of the nanoplate’s thermo-
mechanical vibration responses in the paper also makes use
of higher-order shear deformation theory (HSDT). HSDT is
a more sophisticated method of simulating the behavior of
materials that considers how shear forces affect the materi-
al’s deformation. The research intends to further knowledge
of the behavior of magneto-electro-elastic materials and
their possible applications in the realm of nanotechnology
by integrating these unique materials and analytical
methodologies.

2. Mathematical modelling

The Hamilton’s approach, which is utilized to construct the
equations of motion for magneto-electro-elastic face plates
with functionally graded nanoplates, forms the foundation
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of the mathematical model employed in this work. This ena-
bles the examination of the nanoplate’s dynamic behavior
and its reaction to thermal stresses, magneto-electro-elastic
coupling, externally applied electric and magnetic fields,
nonlocal characteristics, porosity volume fraction, and por-
osity fluctuation over thickness. The model accounts for the
numerous characteristics of the nanoplate’s constituent
materials as well as their impact on the nanoplate’s thermo-
mechanical behavior.

2.1. Effective material properties of porous laminated
nanoplate

Consider a three-layer rectangular plate, given in Figure 1,
placed on a Cartesian coordinate system (x, y, z) having a
(length) and b (width) lengths in x and y directions. Thus,
the total thickness of the plate Ht is given by the summation
of the core h and surface hs layers as in the Ht ¼ hþ 2hs
equation. X denotes the plate’s middle plane for the
undeformed case. Thus, the tensor X x ¼ ð�hs �
h=2, h=2þ hsÞ stands for the plate’s total domain border
placed between the bottom z ¼ �hs � h=2ð Þ and the top
z ¼ hs þ h=2ð Þ surfaces and the edge C: The curved surface
C, defined by the tensor C xð�hs � h=2, h=2þ hsÞ, have
an outward normal n̂ ¼ nxêx þ nyêy with the nx and ny are
the unit normal’s direction cosines.

Pore development is a given in creating ceramic-based
structures [60,61]. As a result, our analysis took into account
a uniform porosity distribution over the thickness of the
plate (as shown in Figure 2) using a porosity function pro-
vided in [62]. As a result, for the uniform porosity distribu-
tion example, Eq. (1) specifies an effective material attribute
P(z), presented in Table 1, based on the Vt volumetric frac-
tion function, which represents a constituent’s distribution
over the thickness.

P zð Þ ¼ Pt � Pb½ �Vt þ Pb � a
2
Pt þ Pb½ �,

Vt ¼ 2zþh
2h

� �p
,Vt þ Vb ¼ 1

(1)

Here, Pb and Pt, respectively, stand for the material charac-
teristics that make up the inferior and superior surfaces of
the core plate. Except in the case of composite faceplates, Pb
and Pt were assumed to be equal in the pure forms of the
faceplates’ BaTiO3 and CoFe2O4 components. The total por-
osity volume fraction and power-law (material grading)
index of the plate material is also implied by the parameters
and p, respectively.

The material gradation index reflects the volume of mate-
rials composing the inferior and superior surfaces of the
core plate along the core height. Thus, at p¼ 0, the core
face material will make up the whole core plate. The inferior
face material’s component reduces when p is raised, and
when p!1 is at its highest, the inferior face material makes
up the whole core. According to the linear uniform porosity
distribution, the Voight model results in [63,64]:

P zð Þ ¼ Pc � Pm½ �Vc þ Pm � a
2
Pc þ Pm½ � (2)

In which a is the material’s total porosity as a percentage
of volume. The effective characteristics of the center concen-
trated porosity model (Model 2) are defined by a nonlinear
distribution function, where [62]:

P zð Þ ¼ Pc � Pmð ÞVc þ Pm½ � 1� a cos p
z
h

� �� �
(3)

The third model assumed that, as shown in Figure 2, por-
osity is concentrated at the bottom surface and diminishes
higher. As a result, the porous material is ranked according
to thickness as follows:

P zð Þ ¼ Pc � Pmð ÞVc þ Pm½ � 1� a cos
p
2

z
h
þ 1
2

� 	� �� �
(4)

In terms of height, the final model is the opposite of the
third and has the following characteristic:

P zð Þ ¼ Pc � Pmð ÞVc þ Pm½ � 1� a cos
p
2

z
h
� 1
2

� 	� �� �
(5)

In order to predict the behavior of the structure correctly,
the impacts of temperature are thought to be required.
Thus, the elastic modulus Eef and the effective Poisson’s
ratio �ef, the conductivity coefficients wef, thermal expansion
jef, and Eef are considered temperature-related characteris-
tics and may be characterized by a nonlinear temperature
function [65,66].

P ¼ P0ðP�1T
�1 þ 1þ P1T þ P2T

2 þ P3T
3Þ (6)

Here, P represents any temperature T (K) dependent
ingredient, and P0 describes each material. P�1, P1, P2, and
P3 values with orders (�1, 0, 1, 2, and 3) of the temperature
T are shown in Table 2. The mass density q (z) is simply a
function of z and only moderately reliant on temperature
changes, according to the effective material characteristics.

2.2. The nonlinear temperature increment

This section provides the relevant equations for uniform
(UTR), linear (LTR), and nonlinear (NLTR) temperature
rises throughout the nanorod’s thickness. The whole body of

Figure 1. An FG higher-order nanoplate with porous structure and face layers
under magnetic and thermal fields.
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an FGM nanobeam with a starting temperature of T0 ¼
300K is uniformly increased to its ultimate temperature T,
using the following equation in a stress-free condition with
uniform temperature rise (UTR):

DT ¼ T � T0 (7)

The temperature of a plane extending down the z-direc-
tion may be calculated using the following equation [59]
given the temperatures of the bottom and top surfaces, Tb

and Tt, respectively, and assuming that the temperature rises
linearly (LTR) from Tb to Tt along the thickness [67]:

T zð Þ ¼ Tb þ Tt � Tbð Þ hþ 2z
2h

� 	
(8)

In the case of nonlinear temperature rises (NLTR) across
the thickness, the top Tt and bottom Tb surfaces of the
nanobeam may be determined by solving the steady-state
one-dimensional heat transfer equation below with known
temperature boundary conditions [68].

� d
dz

j zð Þ dT
dz

� 	
¼ 0, T

h
2

� 	
¼ Tt , T � h

2

� 	
¼ Tb (9a)

Consequently, the temperature at any z extending along the
thickness for a specified boundary condition is:

T zð Þ ¼ Tb þ ðTt � TbÞÐ h
2

�h
2

1
w zð Þ d zð Þ

ðz
�h

2

w zð Þdz (9b)

2.3. Review of the nonlocal strain gradient theory
(NSGT) for the MEE material

The stress at one point of a continuum body is assumed in
Eringen’s study [69] to be a function of the stresses at all
other places. According to this hypothesis, the stiffness of
the structure varies depending on the strength of nonlocal
and material scale effects. In this sense, depending on the
size of the nonlocal influence, the structure behaves more
smoothly than classical forms. The strain gradient hypoth-
esis, on the other hand, only considers the material scale
effect as increasing the stiffness of the structure. Thus, the
nonlocal elasticity theory and Eringen’s strain gradient the-
ory distinguish two different physical phenomena. These
two separate factors are concurrently taken into account by

Figure 2. Models for the thickness-based distribution of porosity [61].

Table 1. Temperature dependent coefficients for the properties of CoFe2O4 and BaTiO3.

Material Property P�1 P0 P1 P2 P3
CoFe2O4 C11 (Pa) 0 298:87e9 �1:552e� 4 6:125e� 9 �9:0e� 11

C55 (Pa) 0 47:33e9 �1:552e� 4 6:125e� 9 �9:0e� 11
t 0 0:3 0 0 0

a 1K�1ð Þ 0 7:5e� 6 �3:01e� 4 4:02e� 6 �1:01e� 09
j(W/mK) 0 4:7030 �0:0011 1:6612e� 06 �9:9670e� 10
q (kg/m3) 0 5300 0 0 0

BaTiO3 C11 (Pa) 0 174e9 �1:552e� 4 6:125e� 9 �9:0e� 11
C55 (Pa) 0 44:93e9 �1:552e� 4 6:125e� 9 �9:0e� 11

t 0 0:30 0 0 0
a 1K�1ð Þ 0 10e� 6 �3:0e� 4 4:0e� 6 �1:0e� 09
j(W/mK) 0 3:7624 �8:50521e� 4 1:32894e� 06 �7:97363e� 10
q (kg/m3) 0 5800 0 0 0
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the NSGT to reflect the nonlocality [70,71]. The classical r
and higher-order rðhÞ stress tensors in NSGT are described
by the equations given below [70]:

r ¼
ð
V
a0ðx0, x, e0aÞC : e0ðx0ÞdV 0 (10)

rðhÞ ¼ l2m

ð
V
a1ðx0, x, e1aÞC : re0ðx0ÞdV 0 (11)

where, classical kernel and higher-order nonlocal functions
are a0 and a1, respectively. Additionally, the Laplacian oper-
ator r ¼ @=@x þ @=@yÞ


and fourth-order material coeffi-
cient are denoted by the letters r and C, respectively. The
terms re and e and imply the classical strain tensors and
the strain gradient. Besides, e0a and e1a indicate the nonlo-
cality constants with the e1 and e0 material coefficients, and
a represents the atomics bonds geometrical characteristics.
The lm is the material size parameter and the colon symbol
“:” indicates the tensor’s double-dot production. Thus,
the whole stress tensor based on the NSGT is expressed by
[70, 72]:

rt ¼ r�r2rð1Þ (12)

Assuming compatible a1ðx0, x, e1aÞ and a0ðx0, x, e0aÞ
notions with Ref. [73] and equaling e0 ¼ e1¼ e0a, and utiliz-
ing the linear differentiation operator to Eq. (4) gives:

1 � ðe0aÞ2 r2
� �

r ¼ C : e (13)

1 � ðe0aÞ2 r2
� �

rð1Þ ¼ l2m C : re (14)

Equations (4–6) may be used to get the following total
stress:

1 � ðe0aÞ2 r2
� �

r ¼ C : e � l2m rC : re (15)

The plate’s stress-strain relations are determined by
[70,71]:

1 � ðe0aÞ2 r2
� �

rxx ¼ 1� l2m r2
� �

EðzÞexx
1 � ðe0aÞ2 r2
� �

ryy ¼ 1� l2m r2
� �

EðzÞeyy
1 � ðe0aÞ2 r2
� �

rxz ¼ 1� l2m r2
� �

GðzÞcxz
1 � ðe0aÞ2 r2
� �

ryz ¼ 1� l2m r2
� �

GðzÞcyz

(16)

where respectively, rxx, ryy and exx, eyy, denote the usual
stresses and strains in the x and y directions. Additionally,
the shear stresses and strains in the xz- and yz-planes are
represented by rxz, ryz, and cxz, cyz: E (z) and G (z) stand
for elasticity and shear modulus, respectively. When the lm
and e0a in Eq. (8) are equal to 0, the stress–strain relations
of the classical continuum theory may be found [73].
Finally, taking into account the magneto-electro elastic
characteristics, the constitutive equations of the NGST
microplate under thermal loads may be set up as in the
following structure:

r x, y, zð Þ 1� e0a2r2ð Þ ¼ 1� l2mr2

 

Q zð Þe� ~e zð ÞE� ~q zð ÞH
� �� Q zð Þa zð ÞDT
DE x, y, zð Þ 1� e0a2r2ð Þ ¼ 1� l2mr2


 
~eꓔ zð Þe� ~n zð ÞEþ ~f zð ÞH
h i

� p zð ÞDT
BM x, y, zð Þ 1� e0a2r2ð Þ ¼ 1� l2mr2


 
~qꓔ zð Þeþ ~f zð ÞEþ ~v zð ÞH
h i

� k zð ÞDT

(17)

2.4. Displacement fields and strains

The sinusoidal higher-order shear deformation theory
(SHSDT), which is applied to a three-layer rectangular plate,
is predicated on the assumptions listed below [74],

1. Because the displacements are negligible in relation to
the thickness of the plate, the corresponding stresses are
infinitesimally small.

2. The plane u and v displacements contain the compo-
nents for extension u0, shear ws, and bending w0.

3. The transverse displacement w is adjusted to take into
account the bending w0, shear ws, and stretching wst

components of the transverse stresses (rxz, ryz, rzz) and
strains (exz, eyz, ezz).

4. There is an increase in the trigonometric variation of
the shear stresses (rxz, ryz) and strains (exz, eyz) along
the thickness of the plate when the shear components
(ws in u, v in-plane, and w transverse displacements)
are included. As a result, there are no shear stresses
(rxz, ryz) on the plate’s top and bottom faces.

Taking into account the presumptions described above
for the full form of the SHSDT, the displacement field of
the nanoplate is defined as follows:

Table 2. The magnetic, piezo, electro, and thermal properties of CoFe2O4 and
BaTiO3.

CoFe2O4 BaTiO3

C11 (GPa) 286 166
C22 286 166
C33 269.5 162
C12 173 77
C13 170.5 78
C23 170.5 78
C44 45.3 43
C55 45.3 43
C66 56.5 44.5
e31 (C/m2) 0 �4.4
e32 0 �4.4
e33 0 18.6
q31 (N/A.m) 580.3 0
q32 580.3 0
q33 699.7 0
n11 (10�9C2/N.m2) 0.08 11.2
n22 0.08 11.2
n33 0.093 12.6
f11 ¼ f22 ¼ f33 (s/m) 0 0
v11 (10�6 N.s2/C) �590 5
v22 �590 5
v33 157 10
p11 ¼ p22 (10�7C/m2K) 0 0
p33 0 �11.4
k11 ¼ k22 (10�5Wb/m2K) 0 0
k33 �36.2 0
a1 ¼ a2 (10�6K�1) 10 15.8
q (kg/m3) 5800 5300
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u x, y, z, tð Þ ¼ u0 x, y, tð Þ � z
@w0ðx, y, tÞ

@x
� f zð Þ @wsðx, y, tÞ

@x
(18a)

v x, y, z, tð Þ ¼ v0 x, y, tð Þ � z
@w0ðx, y, tÞ

@y
� f zð Þ @wsðx, y, tÞ

@y
(18b)

w x, y, z, tð Þ ¼ w0 x, y, tð Þ þ ws x, y, tð Þ þ wst x, y, z, tð Þ (18c)

Here f(z), wst and g(z) defined as:

f zð Þ ¼ z �Ht

p
sin

pz
Ht

� 	
(19)

wst x, y, z, tð Þ ¼ gðzÞ;ðx, y, tÞ (20)

g zð Þ ¼ cos
pz
Ht

� 	
(21)

The terms u, v, and w in the displacement equations above stand for the total displacements of a point in an undeformed
body. The unknown in-plane and transverse displacements of a point on the undeformed plate’s midplane (x, y, 0) at any
time t are denoted by the symbols u0, v0, and w0. Here, the plate’s u and v displacements are connected to its extensional
deformation, whereas the w displacement indicates its bending deflection. The general form of the strain-displacement inter-
actions associated with the displacement field in Eq. (10) is as follows:

exx
eyy
2exy

8><
>:

9>=
>; ¼

eð0Þxx

eðoÞyy

cð0Þxy

8>><
>>:

9>>=
>>;þ z

eðbÞxx

eðbÞyy

cðsÞxy

8>><
>>:

9>>=
>>;þ f

�
z
� eðsÞxx

eðsÞyy

cðsÞxy

8>><
>>:

9>>=
>>; (22a)

2exz
2eyz

� �
¼ g
�
zÞ cð0Þxz

cð0Þyz

( )
(22b)

ezz ¼ g0ðzÞeð0Þzz (22c)

Also, the particular strain components are as follows:

eð0Þxx

eð0Þyy

cð0Þxy

8>><
>>:

9>>=
>>; ¼

@u0
@x
@v0
@y

@u0
@y

þ @vo
@x

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;
,

eðbÞxx

eðbÞyy

cðbÞxy

8>><
>>:

9>>=
>>; ¼

� @2w0

@x2

� @2w0

@y2

�2
@2w0

@x@y

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

(23a)

eðsÞxx
eðsÞyy
cðsÞxy

8><
>:

9>=
>; ¼

� @2ws

@x2

� @2ws

@y2

�2
@2ws

@x@y

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;

cð0Þxz

cðoÞyz

( )
¼

1� f 0 zð Þ
  @ws

@x
þ g zð Þ @;

@x

1� f 0 zð Þ
  @ws

@y
þ g zð Þ @;

@y

8>><
>>:

9>>=
>>; ¼

g zð Þ @ws

@x
þ @;

@x

� 	

g zð Þ @ws

@y
þ @;

@y

 !
8>>>><
>>>>:

9>>>>=
>>>>;

(23b)

eð0Þzz ¼ ; (23c)
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2.5. Constitutive equations

In the study, a linear elastic nanoplate with an isotropic core encased by top and bottom surface layers is considered. The
functional grading of the barium-titanate and cobalt-ferrite elements was used to organize the nanoplate’s core, while pure
or homogenous mixes of these materials were used to create the surface layers. The constitutive relations of the isotropic
core plate may be defined as follows using the differential version of Eringen’s constitutive relations Eq. (3):

L rcxxð Þ
L rcyy

 

L rczzð Þ
L rcyz

 
L rcxzð Þ
L rcxy

 

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;

¼

Cc
11 Cc

12 Cc
13 0 0 0

Cc
12 Cc

22 Cc
23 0 0 0

Cc
13 Cc

23 Cc
33 0 0 0

0 0 0 Cc
44 0 0

0 0 0 0 Cc
55 0

0 0 0 0 0 Cc
66

2
6666664

3
7777775

exx
eyy
ezz
2eyz
2exz
2exy

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;

�

0
0
0
0
e15
0

0
0
0
e24
0
0

e31
e32
e33
0
0
0

2
666664

3
777775

Ex
Ey
Ez

8<
:

9=
;�

0
0
0
0
q15
0

0
0
0
q24
0
0

q31
q32
q33
0
0
0

2
6666664

3
7777775

Hx

Hy

Hz

8<
:

9=
;

(24)

Here Cn
ij stands for the stiffness coefficients and are defined by:

Cc
11 ¼

1� v
v

k zð Þ (25a)

Cc
12 ¼ kðzÞ (25b)

Cc
66 ¼ lðzÞ (25c)

Cc
11 ¼ Cc

22 ¼ Cc
33 (25d)

Cc
12 ¼ Cc

13 ¼ Cc
23 (25e)

Cc
44 ¼ Cc

55 ¼ Cc
66 (25f)

In stiffness coefficients, the k(z) and l(z) are the Lam�e constants k zð Þ ¼ vEðzÞ
ð1þvÞð1�2vÞ , l zð Þ ¼ EðzÞ

2ð1þvÞ
� �

: Additionally,
a constant Poisson’s ratio is assumed, and Young’s modulus changes along the core plate’s thickness h ð�h=2 � z � h=2Þ
related to a power-law as defined in [75].

E zð Þ ¼ Et � Ebð Þ z
h
þ 1
2

� 	p

þ Eb (26)

The top and bottom surfaces’ respective Young’s moduli are represented by Et and Eb, respectively, while p is the material
grading index. Applying the nonlocal and strain-gradient differential operators, the constitutive relations of the surface layers
are described by [76]. L �ð Þ � 1� ðe0aÞ2r2 and C �ð Þ � 1� ðlmÞ2r2:

LðrsxxÞ
LðrsyyÞ
LðrszzÞ
LðrsyzÞ
LðrsxzÞ
LðrsxyÞ

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;

¼ C

Cs
11 Cs

12 Cs
13 0 0 0

Cs
12 Cs

22 Cs
23 0 0 0

Cs
13 Cs

23 Cs
33 0 0 0

0 0 0 Cs
44 0 0

0 0 0 0 Cs
55 0

0 0 0 0 0 Cs
66

2
6666664

3
7777775

exx
eyy
ezz
2eyz
2exz
2exy

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;
�

�C

0
0
0
0
e15
0

0
0
0
e24
0
0

e31
e32
e33
0
0
0

2
666664

3
777775

Ex
Ey
Ez

8<
:

9=
;�C

0
0
0
0
q15
0

0
0
0
q24
0
0

q31
q32
q33
0
0
0

2
6666664

3
7777775

Hx

Hy

Hz

8<
:

9=
;

(27a)
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LðDxÞ
LðDyÞ
LðDzÞ

8<
:

9=
; ¼ C

0 0 0 0 e15 0
0 0 0 e24 0 0

e31 e32 e33 0 0 0

2
4

3
5

exx
eyy
ezz
2eyz
2exz
2exy

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

þ C
e11 0 0
0 e22 0
0 0 e33

2
4

3
5 Ex

Ey
Ez

8<
:

9=
;þ

þC
g11 0 0
0 g22 0
0 0 g33

2
4

3
5 Hx

Hy

Hz

8<
:

9=
;

(27b)

LðBxÞ
LðByÞ
LðBzÞ

8<
:

9=
; ¼ C

0 0 0 0 q15 0
0 0 0 q24 0 0

q31 q32 q33 0 0 0

2
4

3
5

exx
eyy
ezz
2eyz
2exz
2exy

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

þ C
e11 0 0
0 e22 0
0 0 e33

2
4

3
5 Ex

Ey
Ez

8<
:

9=
;þ

þC
l11 0 0
0 l22 0
0 0 l33

2
4

3
5 Hx

Hy

Hz

8<
:

9=
;

(27c)

By establishing the electric �u and magnetic potentials �w, the constitutive relations may be defined in their entirety. The
components of electric Ei and magnetic fields Hi are expressed using these three-dimensional potentials.

Ei ¼ ��u , i

� �
, Hi ¼ � �w , i

n o
, i ¼ x, y, z (28)

According to Maxwell’s equations, the distributions of these potentials for a nanoplate activated with initial external elec-
tric u0 and magnetic w0 potentials are characterized by fuzing the linear and cosine functions as in the following [77,78]:

�uðx, y, z, tÞ
�wðx, y, z, tÞ

� �
¼ u0

w0

� �
2ẑ
Ht

� uðx, y, tÞ
wðx, y, tÞ

� �
cos

pẑ
Ht

� 	
(29)

Here u (x, y, t) and w(x, y, t), in turn, imply the time-dependent planar electric and magnetic potential distributions.
Furthermore, the ẑ variable stands for the thickness of the surface-layers ẑ ¼ z6h=26hs=2ð Þ: For the plate’s top layer ẑ is
defined as ẑ � z1 ¼ z � h=2� hs=2, whereas ẑ is defined as ẑ � z2 ¼ z þ h=2þ hs=2 for the plate’s bottom layer. Note that,
z is only valid for h=2 � z � h=2þ hs=2ð Þ and �h=2� hs=2 � z � �h=2ð Þ:

2.6. Equations of motion

By using the following virtual displacements, Hamilton’s principle may be altered for the motion equations of the three-lay-
ered rectangular nanoplate [79]: ðT

0
dU � dE � dM� dKþ dVð Þdt ¼ 0 (30)

Here, dU , dK, and dV are, in turn, the virtual forms of strain energy, kinetic energy, and work done by external forces.
Additionally, dE and dM are the electric and magnetic fields’ virtual contributions. Accordingly, the virtual strain energy
dU is defined by

dU ¼
ð
X

� ð�h=2

�h=2�hs

ðrsxxdexx þ rsyydeyy þ rszzdezz þ 2rsyzdeyz þ 2rsxzdexz þ 2rsxydexyÞdz

þ
ðh=2
�h=2

ðrcxxdexx þ rcyydeyy þ rczzdezz þ 2rcyzdeyz þ 2rcxzdexz þ 2rcxydexyÞdz

þ
ðh=2þhf

h=2
ððrsxxdexx þ rsyydeyy þ rszzdezz þ 2rsyzdeyz þ 2rsxzdexz þ 2rsxydexyÞdzÞ

�
dxdy

(31)

Additionally, the electric dE and magnetic dM fields’ contributions are given by:

dE ¼
ð
X

ð�h=2

�h=2�hs

DxdEx þ DydEyþDzdEz

 

dz þþ
ðh=2
�h=2

DxdEx þ DydEyþDzdEz

 

dz þ
ðh=2þhs

h=2
DxdEx þ DydEyþDzdEz

 

dz

" #
dxdy

(32)
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dM ¼
ð
X

ð�h=2

�h=2�hs

BxdHx þ BydHyþBzdHz

 

dz þ
ðh=2
�h=2

BxdHx þ BydHyþBzdHz

 

dz þ
ðh=2þhs

h=2
BxdHx þ BydHyþBzdHz

 

dz

" #
dxdy

(33)

Also, the contribution of the kinetic energy is as follows:

dK ¼
ð
X

ð�h=2

�h=2�hs

qf _ud _u þ _vd _v þ _wd _wð Þdz þ
ðh=2
�h=2

qc zð Þ _ud _u þ _vd _v þ _wd _wð Þdz þ
ðh=2þhs

h=2
qf _ud _u þ _vd _v þ _wd _wð Þ

" #
dxdy

(34)

Here qf(z) and qc(z), in turn, stand for the mass densities of nanoplate’s surface layers and core defined by the power-
law equation as:

qc zð Þ ¼ qct � qcb

  z

h
þ 1
2

� 	p

þ qcb (35)

where the values qct and qcb represent the mass densities of the superior and inferior core surfaces, respectively. Additionally,
a variable’s time derivative is implied by a dot superscript, such as in the expression _u ¼ @u=@t: The following summarizes
how in-plane external pressures contribute to virtual work:

dV ¼ �
ð
X

Nxx0 þ NxxE þ NxxMð Þ @w0

@x
@dw0

@x
þ Nyy0þNyyE þ NxxMð Þ @w0

@y
@dw0

@y
þ

� �
dxdy (36)

Here, the 0, E, and M subscripts represent the in-plane compressive mechanical, electrical, and magnetic forces. Clearly,
Nxx0 ¼ Px0 and Nyy0 ¼ Py0 are compressive mechanical forces, NxxM ¼ Pq31 and NyyM ¼ Pq32 are the magnetic forces arising
from magnetic potential, and NxxE ¼ Pe31 and NyyE ¼ Pe32 are the electric forces resulting from by external electric voltage.
The virtual work equation disregards the mechanical forces applied to the top and lower surfaces since the study only looks
at MEE nanoplates’ free vibration and buckling responses. Assume that the plate buckles with cylindrical bending behavior
when an external force is applied along its midplane. In that instance, only the deflection’s bending (w0) component is con-
nected to the externally applied axial forces. Additionally, the overall behavior of the plate will be influenced by the deflec-
tion’s shear (ws) and stretch (wst) components. The resulting forces and moments that are linked to thickness may then be
expressed as follows:

Nxx Nyy Nxy
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xx M bð Þ
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xy
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(37a)

Nzz ¼
ðh=2
�h=2�hs

rszzg
0ðzÞdz þ

ðh=2
�h=2

rczzg
0ðzÞdz þ

ðh=2þhs

h=2
rfzzg

0ðzÞdz (37b)

Sxz, Syz
� � ¼

ð�h=2

�h=2�hs

rsxz,r
s
yz

� �
g zð Þdz þ

ðh=2
�h=2

rcxz,r
c
yz

� �
g zð Þdz þ

ðh=2þhs

h=2
rsxz,r

s
yz

� �
g zð Þdz (37c)

Also, the virtual strain energy gets the following form:

dU ¼
ð
X
ðNxxde

ð0Þ
xx þ Nyyde

ð0Þ
yy þ Nzzde

ð0Þ
zz þ Nxyde

ð0Þ
xy þ Nxzde

ð0Þ
xz þ Nyzde

ð0Þ
yz þMxxde

ðbÞ
xx þMyyde

ðbÞ
yy þMxyde

ðbÞ
xy þMxxde

ðbÞ
xx

þMyyde
ðbÞ
yy þMxyde

ðbÞ
xy Þdxdy (38)
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Additionally, the thickness-related electric Di i ¼ x, y, zð Þ and magnetic Bi i ¼ x, y, zð Þ coefficients are given as:
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� � ¼

ð�h=2

�h=2�hs

Dx,Dy,Dzð Þ

cos
pz2
hs

� 	

cos
pz2
hs

� 	
p
hs
sin

pz2
hs

� 	

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;
dz þ

ðh
2

�h=2
Dx,Dy,Dzð Þ

cos
pz2
h

� 	

cos
pz2
h

� 	
p
h
sin

pz2
h

� 	

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;
dz

þ
ðh=2þhs

h=2
Dx,Dy,Dzð Þ

cos
pz1
hs

� 	

cos
pz1
hs

� 	
p
hs
sin

pz1
hs

� 	

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;
dz

(39a)
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The electric and magnetic fields’ virtual contribution can be presented in an easier form:

dE ¼
ð
X

Dx
@du
@x

þ Dy
@du
@y

� Dzdu

� 	
dxdy (40)

dM ¼
ð
X

Bx
@dw
@x

þ By
@dw
@y

� Bzdw

� 	
dxdy (41)

The kinetic energy variation defined by the mi mass inertias can be written as:

dK ¼
ð
X
½m0ð _u0d _u0 þ _v0d _v0 þ _w0d _w0 þ _w0d _ws þ _wsd _w0 þ _wsd _wsÞ �m1
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dx
@ _dw0

dx
þ @ _w0
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@ _dw0

dy
þ @ _w0
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�
@ _ws

dx
@ _dws

dx
þ @ _ws
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þm6ð _w0d _/ þ _wsd _/ þ _/d _w0 þ _/d _wsÞ

þm7
_/d _/�dxdy (42)

The differentiation of variables with respect to time is shown here by the dot superscript, and mi (i¼ 0, 1, 2) mass inertias
are defined as:

mi ¼
ð�h=2

�h=2�hs

qszidz þ
ðh=2
�h=2

pc zð Þzidz þ
ðh=2þhs

h=2
qszidz (43a)

miþ3 ¼
ð�h=2

�h=2�hs

qsf
�
zÞzidz þ

ðh=2
�h=2

pc zð Þf ðzÞzidz þ
ðh=2þhs

h=2
qsf ðzÞzidz (43b)
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m6 ¼
ð�h=2

�h=2�hs

qsg zð Þdz þ
ðh=2
�h=2

pc zð Þg zð Þdz þ
ðh=2þhs

h=2
qsgðz

�
dz (43c)

m7 ¼
ð�h=2

�h=2�hs

qsg2 zð Þdz þ
ðh=2
�h=2

pc zð Þg2 zð Þdz þ
ðh=2þhs

h=2
qsg2ðz

�
dz (43d)

The virtual work’s latest form resulting from in-plane external forces is given by:

dV ¼
ð
X

px0 þ pe31 þ pq31ð Þ @w0

@x
@dw0

@x
þ py0ð Þ þ pe32 þ pq32Þ @w0

@x
@dw0

@x

� �
dxdy (44)

In the analyses, in-plane mechanical compression forces are assumed to be equal px0 ¼ N0 and py0 ¼ cN0, with c ¼
px0=py0: The in-plane electric pe3i and magnetic pq3i (i¼ 1, 2) forces are described as:

pe3i ¼ �
ð�h=2

�h=2�hs

e3i
2V0

hs

� 	
dz þ

ðh=2
�h=2

e3i zð Þ 2V0

h

� 	
dz þ

ðh=2þhs

h=2
e3i

2V0

hs
dz

" #
(45a)

pq3i ¼ �
ð�h=2

�h=2�hs

q3i
2H0

hs

� 	
dz þ

ðh=2
�h=2

q3i zð Þ 2H0

h

� 	
dz þ

ðh=2þhs

h=2
q3i

2H0

hs

� 	
dz

" #
(45b)

For a macro rectangular plate based on the sinusoidal higher-order shear deformation theory, the final seven motion
equations (38a–g) can be obtained by substituting the energy variation equations dU , dE, dM, dK, and dV from Eqs. (30),
(32–34) and (36) into Eq. (22), performing partial integration to obtain the whole differentiations of generalized virtual
translations relative to x, y, and t.

du0 :
@Nxx

@x
þ @Nxy

@x
¼ m0€u0 �m1

@€w0

@x
�m1

@€ws

@x
(46a)

dv0 :
@Nyy

@y
þ @Nxy

@x
¼ m0€v0 �m1

@€w0

@y
�m3

@€ws

@y
(46b)

dw0 :
@2MðbÞ

xx

@x2
þ 2

@2MðbÞ
xy

dxdy
þ @2MðbÞ

yy

dy2
� px0 þ pe31 þ pq31ð Þ @

2w0

@y2

¼ m0 €w0 þ €wsð Þ þm1
@€u0

@x
þ @€v0

@y

� 	
�m2

@€w0

@x2
þ @€w0

@y2

� 	
�m4

@2€ws

dx2
þ @2€ws

dy2

 !
þm6

€/ (46c)

dws :
@2MðsÞ

xx

@x2
þ 2

@2MðsÞ
xy

dxdy
þ @2MðsÞ

yy

dy2
þ @Sxz

@x
þ @Syz

@y

¼ m0 €w0 þ €wsð Þ þm3
@€u0

@x
þ @€v0

@y

� 	
�m4

@2€w0

dx2
þ @2€w0

dy2

 !
�m5

@2€ws

dx2
þ @2€ws

dy2

 !
þm6

€/ (46d)

d/ :
@Sxz
@x

þ @Syz
@y

� Nzz ¼ m6 €w0 þ €wsð Þ þm7
€/ (46e)

du :
@Dx

@x
þ @DYZ

@y
þ Dz ¼ 0 (46f)

dw :
@Bx

@x
þ @Byz

@y
þ Bz ¼ 0 (46g)

The nanoplate’s boundary conditions are defined in the following form:

du0 : 0 ¼ Nxxnx þ Nxyny �m1€w0nx �m3€wsnx (47a)

dv0 : 0 ¼ Nyyny þ Nxynx �m1€w0ny �m3€wsny (47b)
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dw0 : 0 ¼ @MðbÞ
xx

@x
þ @MðbÞ

xy

@y
� px0 þ pe31 þ pq31ð Þ @w0

@x

" #
nx þ @MðbÞ

yy

@y
þ @MðbÞ

xy

@x
@MðbÞ

xy

@y
� py0 þ pe32 þ pq32ð Þ @w0

@y

" #
ny

þ m1€u0 �m2
@€w0

@x
�m4

@€ws

@x

� 	
nx þ m1€v0 �m2

@€w0

@y
�m4

@€ws

@y

� 	
ny

(47c)

d
@w0

@n
: 0 ¼ MðbÞ

nn (47d)

d
@ws

@n
: 0 ¼ MðsÞ

nn (47e)

d/ : 0 ¼ Sxznx þ Syzny (47f)

du : 0 ¼ Dxnx þ Dyny (47g)

dw : 0 ¼ Bxnx þ Byny (47h)

Here:

MðbÞ
nn ¼ MðbÞ

xx n
2
x þ 2MðbÞ

xy nxny þMðbÞ
yy n

2
y , MðsÞ

nn ¼ MðsÞ
xx n

2
x þ 2MðsÞ

xy nxny þMðsÞ
yy n

2
x (47i)

Applying the nonlocal and strain-gradient differential operators L �ð Þ � 1� ðe0aÞ2r2 and C �ð Þ � 1� ðlmÞ2r2 replacing
Eqs. (10), (14)–(16), (19), (29), and (31) into Eq. (38), the following equilibrium equations (Eqs. 40a–g) concerning displace-
ments and magneto-electro-elastic coefficients can be obtained for a rectangular nanoplate in the following form:

C Að0Þ
11

@2u0
@x2

� A 1ð Þ
11

@3w0

@x3
� A� 0ð Þ

11
@3ws

@x3
þ A 0ð Þ

12 þ A 0ð Þ
66

� �
@v0
@x@y

� A 1ð Þ
12 þ 2A 1ð Þ

66

� �
@3ws

@x@y2

"

� A� 0ð Þ
12 þ 2A� 0ð Þ

66

� �
@3ws

@x@y2
þ A 0ð Þ

66
@2u0
@y2

þ ~A
0ð Þ
13

@/
@x

þ B
0ð Þ
e31

@u
@x

þ B
0ð Þ
q31

@w
@x

#
¼ L m0€u0 �m1

@€w0

@x
�m3

@€ws

@x

� � (48a)

C Að0Þ
22

@2v0
@y2

� A 1ð Þ
22

@3w0

@y3
� A� 0ð Þ

22
@3ws

@y3
þ A 0ð Þ

12 þ A 0ð Þ
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� �
@u0
@x@y

� A 1ð Þ
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66

� �
@3w0
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"

� A� 0ð Þ
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66

� �
@3ws

@x2@y
þ A 0ð Þ
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@2v0
@x2
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0ð Þ
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@/
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þ B
0ð Þ
e32

@u
@y

þ B
0ð Þ
e32
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�m3

@€ws

@y

� � (48b)

C Að1Þ
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@3u0
@x3

� A 2ð Þ
22

@4w0

@y4
� A� 1ð Þ
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@4ws
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#
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2w0
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@€u0

@x
þ @€u0

@y

� 	"

�m2
@2€w0

@x2
þ @2€w0

@y2

 !
�m4

@2€w0

@x2
þ @2€w0

@y2

 !
þm6

€/
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(48c)
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The definitions of the resulting magneto-electro-elastic coefficients are provided in Appendix A1–A3.

u0
v0
w0

ws

/
u

w

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA

¼
X1

m¼1

X1
n¼1

u cos axð Þsın byð Þeixt
v sin axð Þ cos byð Þeixt
w0 sin axð Þ sin byð Þeixt
ws sin axð Þ sin byð Þeixt
/ sin axð Þ sin byð Þeixt
u sin axð Þ sin byð Þeixt
wsin axð Þ sin byð Þeixt

0
BBBBBBBBBBBB@

1
CCCCCCCCCCCCA
, a ¼ mp

Lx
, b ¼ np

Ly
(49)

The remaining seven variables, u, v, w0, ws, /, u, and w, respectively, stand in for the greatest displacement, electric,
and magnetic potential values. Here, it stands for the natural frequency. For ease of use, these seven variables can be repre-
sented as vectors.

2.7. Solution method

The precise analytical solutions of a simply supported (SS) three-layered rectangular nanoplate are obtained in the research
using Navier’s solution approach. Due to this, the double trigonometric series expansion is used to solve for the seven
unknowns as follows:
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Df g ¼ u v w0 ws / u w
� �T

(50)

The governing equations system is finally arranged as in
the below form by using the stiffness K½ � and inertia M½ �
matrices, and load vector Ff g :

K½ � � x2
mn M½ �� �

Df g ¼ Ff g (51)

In addition, the load vector, neglectable in the free vibra-
tion and buckling analysis, is as follows:

In the case of free vibration analysis, the nanoplate’s gov-
erning equation system under in-plane static forces is
defined as follows:

K½ � � x2
mn M½ �� �

Df g ¼ 0f g (53)

Also, just for nanoplate’s buckling analysis, the system of
governing equations is:

K½ � Df g ¼ 0f g (54)

The elements of symmetric (Kij ¼ Kij) stiffness K½ � and
symmetric (Mij ¼ Mij) inertia matrixes are given in
Appendix A4–A5.

2.8. Validation

The following non-dimensional frequency parameter (Eq.
39) is defined in the same manner as the research of [80,81]
in order to verify the current investigation. Here, the bottom
material’s mass density and elasticity modulus are
qb¼5300 kg/m3 and Cb11¼166GPa, respectively (BaTiO3).
The plate has a rectangular form, a¼ 2m, b¼ 1m, ratio
h/a¼ 0.2, and is made of BaTiO3/CoFe2O4 with p¼ 1.

x ¼ xðm, nÞ
a2

h

� 	 ffiffiffiffiffiffiffiffiffi
qb
Cb11

r
(55)

Table 4 compares the dimensionless frequencies of the
current investigation with those of the literature studies.
Table 4 shows that, except for the first and second modes,
the findings of the recent research and Ref. [80] are
comparable.

The tables below compare the three nonlocal plate
hypotheses with the computed maximum deflection and nat-
ural frequencies [82]. The dimensionless maximum deflec-
tions computed by three nonlocal plate theories are
compared with the current investigation results in Tables 3
and 4 based on the various nonlocal parameter and thick-
ness values for square and rectangular plates under uni-
formly distributed and point loads. These assessments

indicated that the findings from the present research were
comparable to those from studies using first- and third-
order theories. Additionally, the nonlocal theory provided
superior predictions for more significant displacements, and
for all nonlocal effect values, findings from the first and
third-order theories were roughly equivalent. The computed
natural frequencies are contrasted in Tables 5 and 6 with
the third-order nonlocal plate theories taking into account
various nonlocal parameters and aspect ratio values. The fol-
lowing equations were used to compare the maximum non-
dimensional deflection and natural frequencies:

w ¼ �w
Eh2

q0a4

 !
102 w ¼ �w

Eh2

Q0a4

� 	
102 x ¼ xh

ffiffiffiffi
q
G

r

(56)

where Q0 and q0 denote the size of the point and uniform
loads, the parameters a, E, v, and represent the plate’s
length, elastic modulus, Poisson’s ratio, and density.

Table 5 compares the computed deflections of a sup-
ported isotropic plate with a¼ 10, v¼ 0.3 for the Poisson
ratio, and E¼ 300� 106 for the elastic modulus caused by
applying a single load, q0¼1N. Table 6 compares the

Ff g ¼ 0 0 0 0 � BðgÞ
e33 þ BðgÞ

q33

� �
� PðgÞ

g33 þ PðgÞ
e33

� �
� PðgÞ

g33 þ PðgÞ
e33

� �� �
(52)

Table 3. Temperature dependent coefficients for the properties of Si3N4, SUS304 [65, 83].

Material Property P�1 P0 P1 P2 P3 P(T¼ 300K)

Si3N4 E (Pa) 0 348.43e þ 9 �3.070e� 4 2.160e� 7 �8.946e� 11 3.2227eþ 11
t 0 0.24 0 0 0 0.24

a (1 K21) 0 5.8723e� 6 9.095e� 4 0 0 7.4746e� 06
j(W/mK) �1123.6 �14.087 �6.227e� 3 0 0 �
q (kg/m3) 0 2370 0 0 0 2370

SUS304 E (Pa) 0 201.04eþ 9 3.079e� 4 �6.534e� 7 0 207.7877 eþ 9
t 0 0.3262 �2.002e� 4 3.97e� 7 0 0.3177

a (1 K�1) 0 12.33e� 6 8.086e� 4 0 0 15.32e� 6
j(W/mK) 0 15.397 �1.264e� 3 2.09e� 6 �7.223e� 10 –
q (kg/m3) 0 8166 0 0 0 8166

Table 4. Comparison of the dimensionless frequencies �x of an FG simply sup-
ported rectangular plate consisting of BaTiO3/CoFe2O4.

Mode Ref. [81] Ref. [80] Present study

(1,1) 9.525 10.0244 16.6437
(2,2) 28.762 32.5716 51.9655
(3,3) 50.966 66.2842 77.9483
(4,4) 131.186 104.0065 103.9311
(5,5) 139.106 129.6477 129.9139
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computed deflections of a supported, isotropic plate with
a¼ 10, v¼ 0.3 for the Poisson ratio, and E¼ 300� 106 for
the elastic modulus caused by the application of a uniform
load Q0¼1 N/m up to 100 term series. In Table 7, investiga-
tions employing various theories from the literature are
compared with the computed non-dimensional first mode
frequency x11 of a supported isotropic plate with a¼ 10,
Poisson ratio v¼ 0.3, and modulus of elasticity
E¼ 300� 106. In Table 8, investigations employing various
theories from the literature are compared with the computed
non-dimensional higher-order frequencies x of a simply
supported isotropic plate with a¼ 10, a/b¼ 1, a/h¼ 100,
Poisson ratio v¼ 0.3, and modulus of elasticity
E¼ 300� 106.

3. Numerical analysis

In this section, temperature-dependent effective material
properties (effective elasticity module Eef, effective Poisson
ratio �ef, effective thermal expansion coefficient jef, and
effective thermal conductivity coefficients wef) of the whole
plate (core and face plates) have been determined with the

Table 5. Comparison of non-dimensional maximum center deflection �w in
simply supported plate under uniform load q0 (q0¼1, a¼ 10, v¼ 0.3 and
E¼ 300� 106 Pa).

a/b a/h l Classical First-order [82] Third-order [82] Present (high-order)

1 10 0 4.0083 4.1853 4.1853 4.1854
0.5 4.3702 4.5608 4.5607 4.5607
1 4.7322 4.9363 4.9362 4.9362
1.5 5.0942 5.3118 5.3116 5.3116
2 5.4561 5.6873 5.6871 5.6879
2.5 5.8181 6.0628 6.0625 6.0630
3 6.18 6.4383 6.438 6.4387

50 0 4.0083 4.0154 4.0154 4.0153
0.5 4.3702 4.3779 4.3779 4.3781
1 4.7322 4.7404 4.7404 4.7410
1.5 5.0942 5.1029 5.1029 5.1033
2 5.4561 5.4654 5.4654 5.4650
2.5 5.8181 5.8279 5.8279 5.8280
3 6.18 6.1904 6.1904 6.1901

100 0 4.0083 4.01 4.01 4.0122
0.5 4.3702 4.3721 4.3721 4.3725
1 4.7322 4.7342 4.7342 4.7340
1.5 5.0942 5.0963 5.0963 5.0960
2 5.4561 5.4584 5.4584 5.4588
2.5 5.8181 5.8205 5.8205 5.8208
3 6.18 6.1826 6.1826 6.1830

2 10 0 0.6483 0.717 0.7169 0.7180
0.5 0.7946 0.8768 0.8767 0.8760
1 0.9408 1.0366 1.0364 1.0361
1.5 1.087 1.1965 1.1961 1.1970
2 1.2332 1.3563 1.3558 1.3560
2.5 1.3794 1.5161 1.5155 1.5165
3 1.5256 1.6759 1.6752 1.6766

50 0 0.6483 0.6511 0.6511 0.6508
0.5 0.7946 0.7978 0.7978 0.7985
1 0.9408 0.9446 0.9446 0.9440
1.5 1.087 1.0914 1.0914 1.0917
2 1.2332 1.2381 1.2381 1.2384
2.5 1.3794 1.3849 1.3849 1.3846
3 1.5256 1.5316 1.5316 1.5314

100 0 0.6483 0.649 0.649 0.6485
0.5 0.7946 0.7954 0.7954 0.7950
1 0.9408 0.9417 0.9417 0.9415
1.5 1.087 1.0881 1.0881 1.0883
2 1.2332 1.2344 1.2344 1.2340
2.5 1.3794 1.3808 1.3808 1.3805
3 1.5256 1.5271 1.5271 1.5265

Table 6. Comparison of the supported plate’s non-dimensional maximum cen-
ter deflection w under the central Q0 point load (Q0¼1, a¼ 10, E¼ 30� 106

Pa, v¼ 0.3, 100 term series).

a/b a/h l Classical First-order [82] Third-order [82] Present (high-order)

1 10 0 0.4609 0.5147 0.5137 0.5180
0.5 0.5752 0.821 0.8072 0.8222
1 0.6894 1.1274 1.1008 1.1270
1.5 0.8037 1.4337 1.3944 1.4340
2 0.918 1.7401 1.688 1.7505
2.5 1.0322 2.0465 1.9816 2.0484
3 1.1465 2.3528 2.2751 2.3553

50 0 0.4609 0.463 0.463 0.4640
0.5 0.5752 0.585 0.585 0.5865
1 0.6894 0.707 0.7069 0.7092
1.5 0.8037 0.8289 0.8288 0.8285
2 0.918 0.9509 0.9508 0.9510
2.5 1.0322 1.0728 1.0727 1.0725
3 1.1465 1.1948 1.1947 1.1950

100 0 0.4609 0.4614 0.4614 0.4611
0.5 0.5752 0.5776 0.5776 0.5778
1 0.6894 0.6938 0.6938 0.6935
1.5 0.8037 0.81 0.81 0.8150
2 0.918 0.9262 0.9262 0.9260
2.5 1.0322 1.0424 1.0424 1.0420
3 1.1465 1.1586 1.1586 1.1589

2 10 0 0.1685 0.2183 0.2165 0.2188
0.5 0.2753 0.7092 0.6528 0.7090
1 0.3821 1.2002 1.089 1.2008
1.5 0.4889 1.6911 1.5253 1.6907
2 0.5957 2.182 1.9616 2.1835
2.5 0.7025 2.6729 2.3979 2.6724
3 0.8093 3.1638 2.8341 3.1630

50 0 0.1685 0.1705 0.1705 0.1700
0.5 0.2753 0.2927 0.2926 0.2930
1 0.3821 0.4148 0.4146 0.4152
1.5 0.4889 0.537 0.5367 0.5394
2 0.5957 0.6592 0.6587 0.6590
2.5 0.7025 0.7813 0.7808 0.7816
3 0.8093 0.9035 0.9029 0.9030

100 0 0.1685 0.169 0.169 0.1685
0.5 0.2753 0.2796 0.2796 0.2791
1 0.3821 0.3903 0.3903 0.3901
1.5 0.4889 0.5009 0.5009 0.5010
2 0.5957 0.6116 0.6115 0.6111
2.5 0.7025 0.7222 0.7222 0.7225
3 0.8093 0.8328 0.8328 0.8330

Table 7. Comparison of non-dimensional first mode frequency �x11 of simply
supported plate (a¼ 10, E¼ 30� 106 Pa, v¼ 0.3).

a/b a/h l Classical First-order [82] Third-order [82] Present (high-order)

1 10 0 0.0963 0.093 0.0935 0.0935
1 0.088 0.085 0.0854 0.0851
2 0.0816 0.0788 0.0791 0.0781
3 0.0763 0.0737 0.0741 0.0732
4 0.072 0.0696 0.0699 0.0699
5 0.0683 0.066 0.0663 0.0665

20 0 0.0241 0.0239 0.0239 0.0240
1 0.022 0.0218 0.0218 0.0215
2 0.0204 0.0202 0.0202 0.0207
3 0.0191 0.0189 0.0189 0.0190
4 0.018 0.0178 0.0179 0.0175
5 0.0171 0.0169 0.017 0.0161

2 10 0 0.0602 0.0589 0.0591 0.0590
1 0.0568 0.0556 0.0557 0.0551
2 0.0539 0.0527 0.0529 0.0524
3 0.0514 0.0503 0.0505 0.0501
4 0.0493 0.0482 0.0483 0.0488
5 0.0473 0.0463 0.0464 0.0464

20 0 0.015 0.015 0.015 0.0152
1 0.0142 0.0141 0.0141 0.0140
2 0.0135 0.0134 0.0134 0.0135
3 0.0129 0.0128 0.0128 0.0130
4 0.0123 0.0123 0.0123 0.0120
5 0.0118 0.0118 0.0118 0.0116
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different material gradation index p, material porosity ratio
a, strain gradient effect lm, and nonlocal parameter e0a con-
sidering different material porosity models (uniform poros-
ity Model 1, symmetric porosity Model 2, asymmetric
ascending downward porosity Model 3, asymmetric ascend-
ing up porosity Model 4). The mechanical and physical
characteristics of BaTiO3 and CoFe2O4 are shown in Table
2. The eigenvalue equation is solved to get the vibration

frequencies (Eq. 51). The material of the core plate consists
of ceramic one Silikon nitrite (Si3Ni4) and metallic one
SUS304. On the other hand, face plates’ material content of
BaTiO3 and CoFe2O4.

3.1. The effective properties of the FGM’s plate
depending on the temperature rise

This section investigates the effective material properties of
the whole plate, considering nonlinear temperature rise
from 300 to 800K for the different material gradation
indexes p, material porosity ratios a, and different material
porosity models. The uniform porosity model (Model 1),
given in Figure 2, has been implemented for the numerical
analysis. On the other hand, for the numerical simulation
analysis, face plate material compounds are chosen as
Br¼ 0.5 and Co¼ 0.5 (50% BaTiO3 and 50% CoFe2O4).
Depending on the material composition (p) with a nonlinear
temperature rise between 300 and 800K with the increment
step 1 K, Figure 3 shows the alterations in the FGM plate’s
actual material properties. Each composition’s effective elas-
ticity modulus Eef demonstrates a diminishing behavior as
the temperature rises because of the increased temperature
rise DT, the material is getting softer, as shown in Figure 3a
with the porosity ratio of the core plate a¼ 0, strain gradi-
ent effect lm¼0, and nonlocal parameter e0a¼ 0.

Table 8. Comparison of non-dimensional higher order frequencies (�x) of sim-
ply supported plate (a¼ 10, a/b¼ 1, a/h¼ 100, E¼ 30� 106 Pa, v¼ 0.3).

Frequencies l Classical First-order [82] Third-order [82] Present (high-order)

x11 0 0.0963 0.093 0.0935 0.0932
1 0.088 0.085 0.0854 0.0851
2 0.0816 0.0788 0.0791 0.0785
3 0.0763 0.0737 0.0741 0.0739
4 0.072 0.0696 0.0699 0.0699
5 0.0683 0.066 0.0663 0.0667

x22 0 0.3853 0.3414 0.3458 0.3410
1 0.288 0.2552 0.2585 0.2555
2 0.2399 0.2126 0.2153 0.2129
3 0.2099 0.186 0.1884 0.1862
4 0.1889 0.1674 0.1696 0.1677
5 0.1732 0.1535 0.1555 0.1531

x33 0 0.8669 0.6889 0.702 0.6890
1 0.5202 0.4134 0.4213 0.4132
2 0.4063 0.3228 0.329 0.3230
3 0.3446 0.2738 0.279 0.2735
4 0.3045 0.242 0.2466 0.2422
5 0.2757 0.2191 0.2233 0.2194

Figure 3. Comparison of the effective material properties of the whole plate (face plate and core plate) depending on the four different material gradation index of
the core plate (p¼ 0, 0.5, 1, and 5) and nonlinear temperature rise DT with the range of 300–800 K; for the porosity index a¼ 0; aspect ratio a/H¼ 10; face plate
material Barium 50% and Cobalt %50; nonlocal parameter e0a¼ 0; material size parameter lm¼0; external electric potential V0¼0; external magnetic potential
H0¼0; material porosity model Model 1; (a) effective elasticity modulus Eef, (b) effective Poisson ratio �ef, (c) effective thermal expansion coefficient jef, (d) effective
thermal conductivity wef.
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Moreover, as shown in Figure 3a, the effective elasticity
modulus Eef decreases gradually as the increased material
gradation indexes p because the elasticity module of the cer-
amic (Si3N4) is bigger than the metallic one (SUS304)
(remember p¼ 0 for the ceramic all of the core plate, p¼1
for metallic all of the core plate). On the other hand, as
shown in Figure 3a, decreases in the effective elasticity
modulus Eef of the plate are nearly linear for the ceramic-
weighted material and nonlinear for the metallic material.
Figure 3b shows the effective Poisson ratio �ef of the whole
plate according to nonlinear temperature rise for the differ-
ent material gradation indexes p. As shown in the figure,
the Poisson ratio of the plate is bigger for the metallic
material (big p values) than for the weighted ceramic mater-
ial. Furthermore, the nonlinearity of the curve is increased
by increasing the material gradation index p (metal content).
For the material gradation index p¼ 0 (ceramic one), the
change of the Poisson ratio according to temperature rise is
minimal and nearly linear. But, for the metallic content one,
the change of the Poisson ratio according to temperature
rise is maximum, and the curve is nonlinear. Moreover, the
effective thermal expansion coefficient jef increases linearly
with temperature, although the metallic-rich compositions’
increment ratio is more notable than the ceramic one

(Figure 3c). For the same temperature, the thermal expan-
sion coefficient of the metallic plate is obtained higher than
the ceramic material plate. For example, the thermal expan-
sion coefficient is obtained for the nonlinear temperature
rise DT¼ 500 K 9.85e� 6, 1.22e� 5, 1.33e� 5, and 1.56e� 5
with p¼ 0, 0.5, 1, and 5, respectively. As shown in Figure
3d, the thermal conductivity coefficient wef increase as the
increases nonlinear temperature rise for the metal-rich or
entirely metallic compositions. On the other hand, for the
ceramic-rich composition, as the increase temperature rise,
the thermal conductivity parameters decrease, as shown in
the figure.

According to various porosity ratios parameters, a and
nonlinear temperature changes from 300K to 800K with
increment 1K for a constant material gradation index p¼ 1,
the material porosity model 1, strain gradient effect lm¼0,
and nonlocal parameter e0a¼ 0 and material porosity model
Model 1 given in Figure 2. Figure 4 depicts the effective
material property fluctuations (Eef, �ef, jef, and wef) of the
FGM nanoplate. As shown in the figure generally, it is
clearly seen that the effective material properties value
decreases as the increase porosity ratio a increases. For
example, the effective elasticity modulus Eef of the FGM
nanoplate has been determined as 2.48e11, 2.07e11, 1.66e11,

Figure 4. Comparison of the effective material properties of the whole plate (face plate and core plate) depending on the four different material porosity ratios of
the core plate (a¼ 0, 0.2, 0.4, and 0.6) and nonlinear temperature rise DT with the range of 300–800 K; for material gradation index of the core plate p¼ 1; aspect
ratio a/H¼ 10; face plate material Barium 50% and Cobalt %50; nonlocal parameter e0a¼ 0; material size parameter lm¼0; external electric potential V0¼0; external
magnetic potential H0¼0; material porosity model Model 1; (a) effective elasticity modulus Eef, (b) effective Poisson ratio �ef, (c) effective thermal expansion coeffi-
cient jef, (d) effective thermal conductivity wef.
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and 1.25e11 Pa, respectively, for the temperature rise
DT¼ 500 K. On the other hand, as shown in the figures, as
the increase in nonlinear temperature rise DT effective elas-
ticity modulus Eef of the FGM plates decreases, and the
effective Poisson ratio �ef and effective thermal expansion
coefficients jef increase. However, as shown in Figure 4d,
the coefficient of thermal conductivity decreased up to
around 600K and then increased nonlinearly.

The effective material property changes of the FGM
nanoplate are shown in Figure 5 when different models of
porosity distribution and nonlinear temperature increases
between 300 and 800K are taken into account with the
parameters porosity ratio a¼ 0.2 and material gradation
index p¼ 1. As shown in the figures, the increase in the
temperature of the FGM plate decreased effective the modu-
lus of elasticity Eef in all porosity models (Figure 5a) linearly
while increasing Poisson’s ratio �ef and coefficient of ther-
mal expansion jef nonlinearly (Figure 5b, c). The biggest
and smallest effective elasticity module value have been
obtained with Model 3 and Model 1, respectively, while
these values are defined with Model 4 and Model 1 for the
effective Poisson ratio. On the other hand, as shown in
Figure 5c, the biggest and smallest effective thermal

expansion coefficient jef has been obtained with the porosity
models Model 4 and 1, respectively.

However, as shown in Figure 5d, the coefficient of ther-
mal conductivity wef of the FGM plate decreased up to
around 600K and then improved nonlinearly up to 800K.
Moreover, the biggest effective thermal conductivity value
for any temperature given in the figure is obtained for the
porosity model 1.

3.2. Frequency analysis of the FGM nanoplate

For a constant porosity index of a¼ 0.4, Figure 6 shows the
first three dimensionless frequency variations that rely on
the porosity models and material composition with the non-
local parameter e0a¼ 0, material scale factor lm¼0. As
shown in the figure, as the increased material gradation
index p, the first three dimensionless frequencies of the
FGM plate decrease gradually. Moreover, the biggest first
dimensionless frequencies value has been obtained with the
porosity model 1. For the second and third dimensionless
frequency, the biggest frequency parameter values have been
obtained with Model 1 for the low material gradation index
[0,1] and Model 3 for the higher material gradation index

Figure 5. Comparison of the effective material properties of the whole plate (face plate and core plate) depending on the four different material porosity models
of the core plate (Models 1, 2, 3, and 4) and nonlinear temperature rise DT with the range of 300–800 K; for material gradation index of the core plate p¼ 1, the
parameters porosity ratio a¼ 0.2; aspect ratio a/H¼ 10; face plate material Barium 50% and Cobalt %50; nonlocal parameter e0a¼ 0; material size parameter lm¼0;
external electric potential V0¼0; external magnetic potential H0¼0; (a) effective elasticity modulus Eef, (b) effective Poisson ratio �ef, (c) effective thermal expansion
coefficient jef, (d) effective thermal conductivity wef.
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[1,6]. A quick frequency reduction is seen for the material
grading index p at the values of 0 and 1. After p is bigger
than 1, the decline becomes more gradual until it reaches
limitations for higher p values, at which point the material
composition is more likely to be pure metal. It has been
shown that the uniform porosity model (Model 1) exhibits
higher variances than the others, and its variation curve type
takes on an entirely new shape, whereas the other curves
indicate largely comparable patterns. The porosity of Model
1 shows the greatest degree of reduction for the second and
third frequency values. Model 1, 2, 3, and 4 porosity models
decreased the dimensionless frequencies from 11.8, 9.43,
9.55, and 9.37 to 8.15, 7.57, 7.6, and 7.49, respectively, when
the material gradation index p increased from 0.2 to 6. As a
result, the reductions in 1 dimensionless frequency for
Models 1, 2, 3, and 4 are computed to be 30.9, 19.7, 20.4,
and 20%. These values have been obtained for the second
and third frequencies and are presented in Table 9.

The core plate’s material consists of metal at the bottom
surface and ceramic (S3N4) at the top surface of the core
plate. Between the bottom and top surfaces, the material
composition of the core plate is formed of metal and cer-
amic constituents depending on the material gradation index
p. When p¼ 0, the whole material of the core plate is cer-
amic, and at p¼1 it is from metal (SUS304). At p¼ 1, the
total material composition is 50% metal and 50% ceramic.
But the composition is changed through the thickness when

p¼ 5 the total material composition of the core plate is
made of 83.3% metal and 16.7% ceramic. Due to this fact
that when p¼ 5, the amount of the metal reaches 83.3%,
and the variation curves of the frequencies tend to limit
because of the trend of homogenous material from metal.
As the material gradation index p-value increases, the
dimensionless frequency parameter generally decreases and
this is due to the increase in the amount of metal in the
core plate. Metal, SUS304's modulus of elasticity at 300K is
207.78GPa of ceramic, and SiN4's is 322.27GPa. Therefore,
since the modulus of elasticity of the metal is lower than
that of ceramic, the natural frequencies are lower at the
material grading index values where the metal is high, com-
pared to the smaller values of the material grading index
where the ceramic is high.

For just constant material properties at p¼ 1.5, Figure 7
shows the fluctuations in dimensionless frequencies that rely
on the porosity index and porosity distribution considering
different material porosity models. The dimensionless fre-
quencies’ typical variational behaviors are nonlinear. As
shown in Figure 7a, b, as the increases material porosity
index parameter a, the first frequency increases, and the
second frequency value decreases, respectively. For example,
the porosity index value a¼ 0.1 and 0.6, and the first fre-
quency value has been obtained as k1 ¼ 7.05 and 10.75,
respectively. According to these values, it is clearly seen that
the dimensionless first frequency value has increased by a

Figure 6. Comparison of the first three dimensionless frequencies k1, k2, and k3 depending on the material gradation index of core plate p¼ 0–6 and different
models of porosity distributions of the core plate; for the porosity index a¼ 0.4; aspect ratio a/H¼ 10; face plate material Barium 50% and Cobalt %50; nonlocal
parameter e0a¼ 0; material size parameter lm¼0; temperature rise DT¼ 0; external electric potential V0¼0; external magnetic potential H0 ¼ 0; (a) the fundamental
frequency parameter k1, (b) the second frequency parameter k2, (c) the third frequency k3.
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ratio of 52.5%. The other maximum and minimum fre-
quency values have been given in Table 9 with the frequency
increment ratio. As shown in Figure 7c, as the material por-
osity index increases, the third frequency value firstly
decreases up to the porosity index a¼ 0.25 and then rises
up to the porosity index a¼ 0.6 for the only porosity model
3. On the other hand, as the increases material porosity
index value, the third frequency value decreases gradually
for the other porosity models (Models 1, 2, and 4).

According to the material composition of p between 0
and 6 for a constant porosity index of a¼ 0.25 and various

models of the porosity distribution, Figure 8 shows the
influence of Eringen’s nonlocal parameter considering differ-
ent material porosity models given in Figure 2 considering
material size parameter lm¼0. The stiffness-reducing impact
of the nonlocal parameter causes the frequencies to drop
depending on the sizes of the nonlocal parameter, where
e0a¼ 0, 1, 2, and 4 nm2. Generally, as shown in Figure 8, as
the increases the material gradation index value p, the
dimensionless first frequency value k1 decreases, and the
slope of this decrease is enormous, especially in the range of
p � 0, 2½ �: As the p-value increases, the slope of the graph

Table 9. Comparison of non-dimensional higher order frequencies (�x) of simply supported plate (a¼ 10, a/b¼ 1, a/h¼ 100, E¼ 30� 106, v¼ 0.3).

Model 1 Reduction rate (%) Model 2 Reduction rate (%) Model 3 Reduction rate (%) Model 4 Reduction rate (%)

p¼ 0.2 p¼ 6 p¼ 0.2 p¼ 6 p¼ 0.2 p¼ 6 p¼ 0.2 p¼ 6
k1 11.8 8.15 44.7 9.55 7.6 25.65 9.43 7.58 24.4 9.37 7.5 24.9
k2 19.66 8.62 128.07 18.32 11.83 54.8 18.69 11.86 57.6 18.1 11.49 57.5
k3 58.36 30.83 89.3 50.61 34.83 45.3 51.55 35.04 47.1 50.07 30.04 66.6

a¼ 0.1 a¼ 6 a¼ 0.1 a¼ 6 a¼ 0.1 a¼ 6 a¼ 0.1 a¼ 6
k1 7.05 10.75 52.4 6.86 9.01 23.8 6.88 9.21 25.2 6.84 8.75 21.8
k2 15.02 7.9 47.4 15.46 12.5 19.1 15.54 13.16 15.3 15.37 11.72 23.7
k3 39.67 36.43 8.16 40.16 39.2 2.4 40.35 40.81 1.14 39.93 37.34 6.5

p¼ 0.2 p¼ 6 p¼ 0.2 p¼ 6 p¼ 0.2 p¼ 6 p¼ 0.2 p¼ 6
k1 e0a¼ 0 9.98 7.34 26.4 8.77 6.97 20.5 8.84 6.98 21.04 8.73 6.93 20.6
k1 e0a¼ 1 2.19 1.6 27 1.92 1.53 20.3 1.94 1.53 21.1 1.91 1.52 20.4
k1 e0a¼ 2 1.11 0.81 27 0.98 0.78 20.4 0.98 0.78 20.4 0.97 0.77 20.6
k1 e0a¼ 4 0.56 0.41 26.7 0.49 0.39 20.4 0.49 0.39 20.4 0.47 0.38 19.1

Figure 7. Comparison of the variation of the dimensionless fundamental frequency for porosity index a¼ 0–0.6 and different porosity distribution functions of the
core plate; for material gradation index of core plate p¼ 1.5; aspect ratio a/H¼ 10; face plate material Barium 50% and Cobalt %50; nonlocal parameter e0a¼ 0;
material size parameter lm¼0; temperaturse rise DT¼ 0; external electric potential V0¼0; external magnetic potential H0¼0; (a) the fundamental frequency param-
eter k1, (b) the second frequency parameter k2, (c) the third frequency k3.
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decreases and becomes parallel to the x-axis. The dimen-
sionless frequencies are computed as 2.19, 1.92, 1.94, and
1.91 at the material gradation index p¼ 0.2 and as 1.6, 1.53,
1.54, and 1.52 at p¼ 6 for porosity models of 1, 2, 3, and 4,
respectively, when porosity models are compared for the
nonlocal parameter e0a¼ 1 nm2. The computed frequency
reduction rates are 26.9, 20.3, 20.6, and 20.4%, respectively.
The other reduction rate and frequency values have been
given in Table 3 for the other nonlocal parameters.

Figure 9a, b depict the fluctuations of the dimensionless
frequency k1 of the nanoplate in response to temperature
difference DT and material grading index p considering dif-
ferent material porosity models given in Figure 2. As shown
in Figure 9a, the dimensionless first frequency values
decrease to 690 and 649K (buckling temperatures) for
Model 1 and Models 2–4, respectively, with the material
gradation indices p¼ 1 and frequency values equal to zero.
After this temperature point, the first dimensionless fre-
quency value increases gradually for all porosity models
given in Figure 2. The dimensionless frequencies in Models
2, 3, and 4 are comparable, but Model 1 yields slightly larger
values for the zoomed region. On the other hand, Figure 9b

shows this comparison for the material gradation indices
p¼ 5. As shown in the figure, the buckling temperature has
been obtained as 723 and 672K for Model 1 and Models 2–
4, respectively. According to these values, it is clearly seen
that as the increases material gradation indices p-value, the
nonlinear temperature rises equal to the buckling tempera-
ture of the FGM nanoplate increases too.

The dimensionless frequency k1 variations of the FGM
nanoplate for a constant porosity ratio a¼ 0.25 and nonlocal
parameter e0a are shown in Figure 10a, b in relation to tem-
perature rise DT and material grading index p. The effects
of the material gradation index p and porosity distribution
functions on the dimensionless frequency and buckling tem-
perature variations are shown in Figure 10a, b in behaviors
similar to those in Figure 9a, b. As shown in Figure 10a, b,
as the increasing temperature difference the dimensionless
first frequency values decrease gradually up to buckling fre-
quency and then increase again. But in Figure 10a, b,
because of the softening effect of the nonlocal parameter,
the dimensionless first frequency value k1 is smaller than
given in Figure 9a, b. For example, for Model 1, the dimen-
sionless first frequency value k1 has been obtained as 7.58

Figure 8. Comparison of the first dimensionless frequencies k1, depending on the material gradation index of core plate p¼ 0–6 and different models of porosity
distributions of the core plate; for the porosity index a¼ 0.25 (resinleri 0.25 yap); aspect ratio a/H¼ 10; face plate material Barium 50% and Cobalt %50; four differ-
ent nonlocal parameters e0a¼ 0, 1, 2, 4 nm2; material size parameter lm¼0; temperature rise DT¼ 0; external electric potential V0¼0; external magnetic potential
H0¼0; (a) Model 1, (b) Model 2, (c) Model 3, (d) Model 4.

4498 M. A. KOÇ ET AL.



for the temperature rise DT¼ 200 K without a nonlocal
effect, as shown in Figure 9a. This value is obtained as
k1¼3.62 for the DT¼ 200 K with the nonlocal effect
e0a¼ 0.3, as shown in Figure 10a. It is clearly seen that the

ratio of %52.2 has reduced the first frequency value. But in
Figure 10c, d, because of the hardening effect of the strain
gradient parameter effect, the dimensionless first frequency
value k1 is bigger than given in Figure 9a, b. For example,

Figure 9. Comparison of the first dimensionless frequencies k1 depending on the nonlinear temperature rise; and different models of porosity distributions of the
core plate; for the porosity index a¼ 0.25; aspect ratio a/H¼ 10; face plate material Barium 50% and Cobalt %50; nonlocal parameter e0a¼ 0; material size param-
eter lm¼0; temperature rise DT¼ 0; external electric potential V0¼0; external magnetic potential H0¼0; (a) material gradation index of core plate p¼ 1, (b) material
gradation index of core plate p¼ 5.

Figure 10. Comparison of the first dimensionless frequencies k1 depending on the nonlinear temperature rise; and different models of porosity distributions of the
core plate; for the porosity index a¼ 0.25; aspect ratio a/H¼ 10; face plate material Barium 50% and Cobalt %50; temperature rise DT¼ 0; external electric poten-
tial V0¼0; external magnetic potential H0¼0; (a) material gradation index of core plate p¼ 1 nonlocal parameter e0a¼ 0.3, (b) material gradation index of core plate
p¼ 5 nonlocal parameter e0a¼ 0.3, (c) material size parameter lm¼0, material gradation index of core plate p¼ 1, (d) material size parameter lm¼2, material grad-
ation index of core plate p¼ 5.
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for Model 1, the dimensionless first frequency value k1 has
been obtained as 7.58 for the temperature rise DT¼ 200 K
without a strain gradient parameter effect, as shown in
Figure 9a. This value is obtained as k1¼67.2 for the
DT¼ 200 K with the nonlocal effect lm¼2, as shown in
Figure 10a. It is clearly seen that the ratio of %786.5 has
increased the first frequency value.

In this section, the effect of the magnetic field intensity
upon dimensionless first frequency values has been investi-
gated according to nonlinear temperature rise with the four
different porosity models. For this purpose, firstly, the fol-
lowing parameter relative magnetic field intensity has been
defined.

HHx ¼ Hx

D
, D ¼ EH3

12 1� �2ð Þ (57)

The dimensionless frequency k1 fluctuations of the nano-
plate for the constant porosity ratio a¼ 0.25 and the five
different relative magnetic field intensity parameters
(HHx¼0, HHx¼0.1, HHx¼0.2, HHx¼0.3, and HHx¼0.5) and
four different porosity models are shown in Figure 11a–d in
relation to temperature increase DT¼[0, 1200], material
grading index p¼ 1. In this analysis, the face plate material

compound is chosen as Br¼ 0 and Co¼ 1 to make an effect-
ive magnetic field upon plate dynamic response. Figure 11a
shows the effect of the five different relative magnetic field
intensity parameters upon the first dimensionless frequency
for the porosity Model 1. As shown in Figure 11a–d, as the
increasing temperature difference the dimensionless first fre-
quency values decrease gradually up to buckling frequency
and then increase again. But in Figure 11a–d, because of the
hardening effect of the magnetic field intensity parameter, as
the increase relative magnetic field intensity value, the
dimensionless first frequency increases too. For example, for
Model 1, given in Figure 11a, the dimensionless first fre-
quency value k1 has been obtained as 11.56 for the tempera-
ture rise DT¼ 200 K without a magnetic field intensity
effect (HHx¼0), as shown in Figure 11a. These values have
been obtained as 15.87, 20.13, 22.2, and 24.2 for the relative
magnetic field intensity (HHx¼0.1, HHx¼0.2, HHx¼0.3, and
HHx¼0.5), respectively. According to these values, it is
clearly seen that the first dimensionless frequency of the
plate increases by the ratio of 37.2, 74.1, 92, and 109.3% for
the parameters HHx¼0.1, HHx¼0.2, HHx¼0.3, and HHx¼0.5
respectively. Another important point highlighted in Figure
11a–d is that the bucking temperature of the FGM plates

Figure 11. Comparison of the first dimensionless frequencies k1 depending on the nonlinear temperature rise; and different models of porosity distributions of the
core plate; for the porosity index a¼ 0.25; aspect ratio a/H¼ 10; face plate material Barium 0% and Cobalt %100; temperature rise DT¼ 0; external electric poten-
tial V0¼0; five different external magnetic potential HHx¼0, 0.1, 0.2, 0.3 and 0.5; (a) Model 1, (b) Model 2, (c) Model 3, (d) Model 4.
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corresponding to the first dimensionless frequency increases
as the relative magnetic field intensity effect increases.

Another critical parameter that affects the plate’s dynamic
responses is the ratio of the face plate thickness to the core
plate thickness (hp/h). For this purpose, in Figure 12, the
effect of the relative plate thickness upon plate dynamic
behavior according to material gradation indices is investi-
gated with the face plates material compound Br¼ 0.5,
Co¼ 0.5, nonlocal parameter e0a¼ 0, material scale factor
lm¼0 considering different material porosity model. This
analysis fixed the total plate thickness with a value of 0.1m.
When the thickness of the face plate increases, the core
plate’s thickness decreases gradually, so the complete plate’s
thickness is constant. As shown in Figure 12a, as the relative
plate thickness (hp/h) increases, the effective elasticity modu-
lus of the whole plate Eef value decreases for any material
gradation indices p. For example, the effective material elas-
ticity module of the entire plate has been obtained as 2.6e11,
2.55e11, 2.51e11, and 2.46e11GPa for the relative thickness
values (hp/h¼ 0.1, 0.2, 0.3, and 0.5), respectively. This is
because as the increase ratio of the hp/h, the thickness of the
face plate becomes bigger than the core plate’s thickness. As
a result, the face plate’s material content consists of
CoFe2O4 and BaTiO3, and their elasticity modulus is smaller
than the core plate material content (Si3Ni4 and SUS304). In

the material gradation index value range p¼ 0–1, the rapidly
decreasing of the effective elasticity module Eef has been
obtained. After that, the value material gradation index p is
bigger than 1, and the curve is nearly parallel to the x-axis.

Moreover, Figure 12b shows the change of the FGM plate
thermal expansion coefficient jef according to material grad-
ation index value p, considering different relative plate
thickness ratios for the porosity Model 1. As shown in the
figure, as the relative plate thickness ratio increases, the
thermal expansion coefficient increases, too, in the range of
material gradation index p¼ [0–0.8] because the face plate
material’s thermal expansion coefficient is bigger than the
core plate material ones. After the value p> 0.8, as the
increases relative thickness ratio of the plate, the effective
thermal expansion coefficient decreases, as shown in the fig-
ure, because after the value p> 0.8, the face plate’s thermal
expansion coefficient is bigger than the core plate material
effective thermal expansion coefficient. In the material grad-
ation index value range p¼ 0-1, the rapidly increasing effect-
ive thermal expansion coefficient jef has been obtained.
After that, the value material gradation index p is bigger
than 1, and the curve is nearly parallel to the x-axis. On the
other hand, Figure 12c shows the effective thermal conduct-
ivity wef of the entire plate with the face plates material
compound Br¼ 0.5, Co¼ 0.5, nonlocal parameter e0a¼ 0,

Figure 12. The variation of the effective properties of the whole plate depends on the material gradation index (p¼ 0–5) of the core plate and the thickness ratio
of the face plate to the core plate (hp/h¼ 0.15, 0.2, 0.3, and 0.5); for the porosity index a¼ 0; aspect ratio a/H¼ 10; face plate material Barium 50% and Cobalt
%50; nonlocal parameter e0a¼ 0; material size parameter lm¼0; temperature rise DT¼ 0; external electric potential V0¼0; external magnetic potential H0¼0; for the
porosity Model 1; (a) Effective elasticity module Eef, (b) effective thermal expansion coefficient jef, (c) thermal conductivity coefficient wef.
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material scale factor lm¼0 considering different material
porosity models for the relative thickness values (hp/h¼ 0.1,
0.2, 0.3, and 0.5). As shown in the figure, as the relative
plate thickness ratio increases, the thermal conductivity coef-
ficient increases, too, because the face plate material’s ther-
mal conductivity coefficient is bigger than the core plate
material ones. In the material gradation index value range
p¼ 0–1, the rapidly increasing effective thermal expansion
coefficient jef has been obtained. After that, the value mater-
ial gradation index p is bigger than 1, and the curve is
nearly parallel to the x-axis.

Figure 13a–c shows the same analysis with the material
porosity ratio a¼ 0.4. The other analysis parameter is
chosen the same as given in the Figure 12a–c analysis. As
shown in Figure 13a, as the relative plate thickness hp/h
increases, the effective material elasticity modules of the
whole plate increase, too, unlike Figure 12. The reason for
this situation is the material porosity index added to the
plate, which weakens the structure. On the other hand,
Figure 13b shows the effective thermal expansion coefficient
according to material gradation index p with the core plate
material porosity ratio a¼ 0.4 the face plates material com-
pound Br¼ 0.5, Co¼ 0.5, nonlocal parameter e0a¼ 0, mater-
ial scale factor lm¼0. As shown in the figure, as the relative

plate thickness ratio increases, the effective thermal expan-
sion coefficient increases, too, unlike the given analysis in
Figure 12b, with the porosity ratio a¼ 0. Furthermore,
Figure 13c shows the effective thermal conductivity coeffi-
cient according to material gradation index p with the core
plate material porosity ratio a¼ 0.4, the face plates material
compound Br¼ 0.5, Co¼ 0.5, nonlocal parameter e0a¼ 0,
material scale factor lm¼0. As shown in the figure, as the
relative plate thickness ratio increases, the effective thermal
conductivity coefficient decreases.

Figure 14 shows the first dimensionless frequency k1 of
the FGM nano plate according to material gradation index
in the range of p�[0, 5] considering different plate relative
thickness ratios (hp/h¼ 0.1, 0.2, 0.3, and 0.5) core plate
material porosity ratio a¼ 0.4 the face plates material com-
pound Br¼ 0.5, Co¼ 0.5, nonlocal parameter e0a¼ 0, mater-
ial scale factor lm¼0. As shown in the figure, as the relative
plate thickness ratio increases, the first dimensionless fre-
quency value decreases for the material gradation index
value p. For example, for the material gradation index p¼ 2,
the first dimensionless frequency value has been obtained as
10.2, 5.7, 4.2, and 3.03, considering the relative plate thick-
ness ratio (hp/h¼ 0.1, 0.2, 0.3, and 0.5), respectively. On the
other hand, a significant decrease is observed in the range of

Figure 13. The variation of the effective properties of the whole plate depends on the material gradation index (p¼ 0–5) of the core plate and the thickness ratio
of the face plate to the core plate (hp/h¼ 0.15, 0.2, 0.3, and 0.5); for the porosity index a¼ 0.4; aspect ratio a/H¼ 10; face plate material Barium 50% and Cobalt
%50; nonlocal parameter e0a¼ 0; material size parameter lm¼0; temperature rise DT¼ 0; external electric potential V0¼0; external magnetic potential H0¼0; for the
porosity Model 1; (a) Effective elasticity module Eef, (b) effective thermal expansion coefficient jef, (c) thermal conductivity coefficient wef.
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material gradation index p�[0, 1], especially for the small
relative plate thickness ratio (hp/h¼ 0.1). Moreover, Figure
14b–d show the same analysis for the material porosity
models 2, 3, and 4, respectively. Consequently, the same
results as Figure 14a have been determined for all material
porosity models.

4. Conclusions

In this study, the thermomechanical free vibration response
of nanoplates with magneto-electro elastic face layers and
functionally graded porous core plate has been investigated
HDST and nonlocal strain gradient theory. The functionally
graded porous core plate and magneto-electro elastic face
plates consist of Si3N4 and SUS304, and CoFe2O4 and
BaTiO3, respectively. The Si3N4 and stainless steel (SUS304)
mixture’s porosity as a result of the technology currently in
use during the sintering process was taken into account. The
impact of porosity was examined using the uniform, sym-
metrical, asymmetric ascending downward and up porosity
models and four alternative porosity models. Firstly, the
effective material properties (elasticity modulus, Poisson

ratio, thermal expansion, and thermal conductivity coeffi-
cients) have been analyzed, considering different material
gradation index p, material porosity ratios, and different
porosity models according to nonlinear temperature rise.
Consequently, the obtained results from these simulations
have been summarized as follows:

� Because the elasticity module of the ceramic is larger
than the metallic one, the effective elasticity modulus
progressively drops with the increasing material grad-
ation indices (SUS304). Although the ceramic composi-
tions’ increment ratio is more noticeable than those rich
in metals, the effective thermal expansion coefficient jef
rises linearly with temperature. The thermal conductivity
coefficient wef rises nonlinearly with temperature for
metal-rich or entirely metallic materials. On the other
hand, with the composition rich in ceramics, the thermal
conductivity characteristics fall as the temperature rises.

� As the porosity ratio rises, the value of the effective
material qualities decreases. The effective elasticity modu-
lus Eef of the FGM plates drops as the nonlinear tem-
perature rise DT increases, but the effective Poisson ratio

Figure 14. The variation of the dimensionless fundamental frequency depends on the material gradation index (p¼ 0–5) of the core plate and the thickness ratio
of the face plate to the core plate (hp/h¼ 0.15, 0.2, 0.3, and 0.5); for the porosity index a¼ 0.4; aspect ratio a/H¼ 10; face plate material Barium 50% and Cobalt
%50; nonlocal parameter e0a¼ 0; material size parameter lm¼0; temperature rise DT¼ 0; external electric potential V0¼0; external magnetic potential H0¼0; (a)
Model 1: Uniform porosity; (b) Model 2: Symmetric porosity; (c) Model 3:Bottom porosity; (d) Model 4: Top porosity.
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vef and effective thermal expansion coefficients jef
increase. However, the coefficient of thermal conductivity
increased nonlinearly after decreasing up to around
600 K.

Secondly, the first three dimensionless frequency varia-
tions of the FGM nanoplate have been investigated consider-
ing different material gradation index p, porosity ratio of
core plate material a, nonlocal parameter e0a, different core
plate material porosity models, and different magnetic
potential H0. Consequently, the obtained results from these
simulations have been summarized as follows:

� The FGM plate’s first three dimensionless frequencies
steadily decrease when material gradation index p is
increased. The first frequency k1 increases, and the
second frequency k2 value falls as the material porosity
index a parameter increases. The dimensionless first fre-
quency value k1 reduces as the material gradation index
value p decreases, and the slope of this decline is quite
sharp, particularly in the region of pe[0,2].

� With the material gradation indices p¼ 1 and frequency
values equal to zero, the dimensionless first frequency
values for Model 1 and Models 2–4, respectively, drop to
690 and 649 K (buckling temperatures). The dimension-
less first frequency values decrease to 690 and 649 K
(buckling temperatures) for Model 1 and Models 2–4,
respectively, with the material gradation indices p¼ 1
and frequency values equal to zero. After this tempera-
ture point, the first dimensionless frequency value
increases gradually.

� The dimensionless first frequency values steadily decrease
up to the buckling frequency and then increase as the
temperature difference increases. The effect of the five
different relative magnetic field intensity parameters has
been investigated upon the first dimensionless frequency
for the porosity Model 1. As shown in Figure 11a–d, as
the increasing temperature difference the dimensionless
first frequency values decrease gradually up to buckling
frequency and then increase again.

� The effective elasticity modulus of the plate is signifi-
cantly influenced by the relative thickness of the face
plate and the core plate, with an increase in the relative
thickness of the face plate resulting in a decrease in the
overall effective elasticity modulus because the face plate
material has a lower elasticity modulus. The connection
between the thermal expansion coefficient, conductivity,
relative thickness of the plate, and material gradation
index of a plate having a gradient in its material charac-
teristics is complicated. Up to a specific range of the
material gradation index, the thermal expansion coeffi-
cient and conductivity both rise with the relative thick-
ness of the plate before falling. When the material
gradation index is bigger than 1, the thermal expansion
coefficient and conductivity first grow quickly in the 0–1
range of the index before becoming virtually parallel to
the x-axis.

The study’s conclusions can be used to design and opti-
mize engineering structures and devices that use nanoplates
with magneto-electro elastic face layers and a functionally
graded porous core plate, taking into account the effects of
material gradation indices, porosity ratios and various por-
osity models on their thermomechanical free vibration
response, buckling load, and critical buckling temperature.
The thermomechanical free vibration response, buckling
load, and critical buckling temperature of nanoplates with
magneto-electro elastic face layers and a functionally graded
porous core plate are all thoroughly analyzed in this paper.
The porosity ratios, material gradation indices, and other
porosity models were discovered to influence these nano-
plates’ behavior substantially. It is feasible to develop and
optimize engineering systems and structures that use these
materials for increased performance, dependability, and dur-
ability by carefully considering these variables. The design of
MEMS devices, sensors, actuators, and other micro- and
nano-scale structures and devices that require high strength,
stiffness, and temperature resistance can all benefit from
these discoveries. The results of the current study, in add-
ition to those already mentioned, emphasize the significance
of taking nonlocal strain gradient effects into account when
analyzing the thermomechanical free vibration response of
nanoplates with magneto-electro elastic face layers and func-
tionally graded porous core plates. In comparison to the
traditional plate theory, the nonlocal strain gradient theory
is shown to provide more precise predictions of the plate’s
natural frequencies and buckling temperatures, particularly
for small-sized nanoplates. For a more precise characteriza-
tion of comparable structures’ dynamic behavior, it is
advised that future research include the nonlocal strain gra-
dient effects as well.
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2u0

h

� 	
p
h
sin

pz
h

� 	� �
,
p
h
sin

pz
h

� 	� �2
, cos

pz
h

� 	� �2( )
dz

þ
ðh=2þh

h=2
gij

2u0

hs

� 	
p
hs
sin

pz2
hs

� 	� �
,

p
hs
sin

pz2
hs

� 	� �2
, cos

pz2
hs

� 	� �2( )
dz

�
, n ¼ 1, s2, c2

PðnÞlij
¼ �

� ð�h=2

�h=2�hs

lij
2u0

hs

� 	
p
hs
sin

pz1
hs

� 	� �
,

p
hs
sin

pz1
hs

� 	� �2
, cos

pz1
hs

� 	� �2( )
dzþ

ðh=2
�h=2

lij
2u0

h

� 	
p
h
sin

pz
h

� 	� �
,
p
h
sin

pz
h

� 	� �2
, cos

pz
h

� 	� �2( )
dz

þ
ðh=2þhs

h=2
lij

2u0

hs

� 	
p
hs
sin

pz2
hs

� 	� �
,

p
hs
sin

pz2
hs

� 	� �2
, cos

pz2
hs

� 	� �2( )
dz

�
, n ¼ 1, s2, c2

(A3)

K11 ¼ �c2 a2A 0ð Þ
11 þ b2A 0ð Þ

66

� �
K12 ¼ �c2ab Að0Þ

12 þ Að0Þ
66

� �
K13 ¼ c2 a3Að1Þ

11 þ ab2 Að1Þ
12 þ 2Að1Þ

66

� �� �

K14 ¼ c2 a3A
ð0Þ
11 þ ab2 A

ð0Þ
12 þ 2A

ð0Þ
66

� �� 	

K15 ¼ c2a~A
ð0Þ
13

K16 ¼ c2aB
ð0Þ
e31

K17 ¼ c2aB
ð0Þ
q31

K22 ¼ �c2 b2Að0Þ
22 þ a2Að0Þ

66

� �� �
K23 ¼ �c2 b3A 1ð Þ

22 þ ba2 Að1Þ
12 þ 2Að1Þ

66

� �� �

K24 ¼ c2 b3A
0ð Þ
22 þ ba2 A

ð0Þ
12 þ 2A

ð0Þ
66

� �� 	

K25 ¼ c2b~A
ð0Þ
23

K26 ¼ c2bB
ð0Þ
e32

K27 ¼ c2bB
ð0Þ
q32

K33 ¼ a2 1þ B a2 þ b2

 � �

N0 þ pe31 þ pq31ð Þ þ b2 1þ B a2 þ b2

 � �

cN0 þ pe32 þ pq32ð Þ �c2 a4A 2ð Þ
11 � b4A 2ð Þ

22 � 2a2b2 A 2ð Þ
12 þ 2A 2ð Þ

66

� �� �

K34 ¼ �c2 a4A
ð1Þ
11 þb4A

ð1Þ
22 þ 2a2b2 A

ð1Þ
12 þ 2A

ð1Þ
66

� � !

K35 ¼ �c2 a2~A
ð1Þ
13 þb2A 1ð Þ

23

� �

K36 ¼ �c2 a2B
ð1Þ
e31þb2B

ð1Þ
e32

� �

K37 ¼ �c2 a2B
ð1Þ
q31þb2B

ð1Þ
q32

� 	

K44 ¼ �c2 a2Â
ð0Þ
55 þb2Â

ð0Þ
44 þa4A

ðf Þ
11 þb4A

ðf Þ
22 þ 2a2b2 A

ðf Þ
12 þ 2A

ðf Þ
66

� � !

K45 ¼ �c2 a2 ~A
ðf Þ
13 þ Â

ð0Þ
55

� �
þb2 ~A

ðf Þ
23 þ Â

ð0Þ
44

� �� �
K46 ¼ c2 a2 BðgÞ

e15 � B
ðf Þ
e31

� �
þb2 BðgÞ

e24 � B
ðf Þ
e32

� �� �

K47 ¼ c2 a2 BðgÞ
q15 � B

ðf Þ
q31

� 	
þb2 BðgÞ

q24 � B
ðf Þ
q32

� 	� 	
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K55 ¼ �c2 ~A
ðgÞ
33 þ a2Â

ð0Þ
55 þ b2Â

ð0Þ
44

� �
K56 ¼ c2 a2BðgÞ

e15þb2BðgÞ
e24 � B

ðgÞ
e33

� �

K57 ¼ c2 a2BðgÞ
q15þb2BðgÞ

q24 � B
ðgÞ
q33

� 	

K66 ¼ c2 a2pðc2Þe11 þb2pðc2Þe22 þ pðs2Þe33

� �
K66 ¼ c2 a2pðc2Þg11þb2pðc2Þg22 þ pðs2Þg33

� �
K77 ¼ c2 a2pðc2Þl11þb2pðc2Þl22 þ pðs2Þl33

� �
c2 ¼ ð1þ lmða2þb2Þ

(A4)

M11 ¼ � 1þ B a2þb2

 � �

m0

M13 ¼ a 1þ B a2þb2

 � �

m1

M14 ¼ a 1þ B a2þb2

 � �

m3

M12 ¼ M15 ¼ M16 ¼ M17 ¼ 0

M22 ¼ � 1þ B a2þb2

 � �

m0

M23 ¼ b 1þ B a2þb2

 � �

m1

M24 ¼ b 1þ B a2þb2

 � �

m3

M25 ¼ M26 ¼ M27 ¼ 0

M33 ¼ � 1þ B a2þb2

 � �

m0 � a2þb2

 

1þ B a2þb2

 � �

m2

M34 ¼ � 1þ B a2þb2

 � �

m0 � a2þb2

 

1þ B a2þb2

 � �

m4

M35 ¼ � 1þ B a2þb2

 � �

m6

M36 ¼ M37 ¼ 0

M44 ¼ � 1þ B a2þb2

 � �

m0 � a2þb2

 

1þ B a2þb2

 � �

m5

M45 ¼ � 1þ B a2þb2

 � �

m6

M46 ¼ M47 ¼ 0

M55 ¼ � 1þ B a2þb2

 � �

m7

M56 ¼ M57 ¼ M66 ¼ M67 ¼ M77 ¼ 0

(A5)
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